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ABSTRACT 

 
A mixed method is proposed for finding stable reduced order models of multivariable systems. This 
method reduces the order of a system by retaining the dominant pole in the denominator and evaluating 
rest of denominator coefficients by clustering technique. All the numerator coefficients are treated as 
free parameters for optimization using integral square error (ISE) minimization techniques. This 
method guarantees stability of the reduced order model when the original high order system is stable. 
The methodology of the proposed method is illustrated with the help of an example from literature.   
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INTRODUCTION 

 
 

The modeling of complex dynamic systems is one of the most important subjects in engineering. Moreover, a model is 
often too complicated to be used in real problems, so approximation procedures based on physical considerations or 
using mathematical approaches must be used to achieve simple models than original ones. In the analysis and synthesis 
of a high order multivariable system, it is often necessary to obtain a low order model so that it may be used for an 
analogue or digital simulation of the system. A large number of publications on model order reduction have been 
published. Various authors such as [Chen, 1974], [Genesio and Milanese, 1976], [Elrazaz and Sinha, 1981], [Pal and 
Prasad, 1990], [Prasad Pal and Pant, 1995], [Prasad Pal and Pant, 1998] and many others have studied extensively 
different methods of model reduction.  

The proposed method is a mixed method for order reduction of multivariable systems which combine the clustering 
technique, integral square error (ISE) minimization techniques and retains one or more dominant poles. The proposed 
method for finding stable low-order equivalents of high-order systems is computationally easy to program and 
conceptually simple. 
 
STATEMENT OF PROBLEM 
 
Consider an nth order linear time invariant dynamic multivariable system (q input - p output) described in frequency 
domain by the transfer matrix: 
 

 

 
                                                                                                                                     (1) 

 
Where   
i= 1,2, ….,p 
j= 1,2, ….,q 
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k= 1, 2, …., n 
are the matrices of order p X q  
and bk where k= 1,2……n  are scalar constants.  
The corresponding r th (r < n) order reduced model is of the form :- 

 
 

 
                     

                            (2) 
Where  
i= 1,2, ….,p 
j= 1,2, ….,q 
k= 1, 2, …., r  
are the matrices of order p X q  
and where, k = (0,1,2,…r-1, r) are scalar constants 
 

In this paper, assuming the original system described by (1), our problem is to find a reduced order model of the 
form (2) such that the reduced model retains the important chamcteristics of the original system and approximates its 
response as closely as possible for the same type of input.  
 

DESCRIPTION OF THE METHOD 
 
The proposed method consists of the following three steps:  
Step-I: Determination of the Denominator Polynomial of the reduced model by Retaining dominant pole in the 
reduced order model and determining the remaining poles using clustering technique [Sinha and Pal, 1990] 
 

The response of the system largely depends upon the pole which is near the j-ω axis, these poles are called as 
dominant poles. Keeping these poles in the reduced order model facilitates better response. Therefore one or more 
dominant poles are retained in this reduction process.  
The criterion for-grouping the poles in one particular cluster are based on relative distance between the poles and the 
desired order in the process of reduced order modeling.  
Since each cluster may be finally replaced by a single (pair of) real (complex) pole, the following rules are used for 
clustering the poles to get the denominator polynomial for reduced order models. 
(i) Separate clusters should be made for real poles and complex poles.  
(ii) Poles on the jw-axis have to be retained in the reduced order model.  
The cluster center can be formed using a simple method known as 'inverse distance measure', which is explained as 
follows: 
Let, k real poles in one cluster are (p1, p2, p3, p4…..pk) then the Inverse Distance Measure (IDM) criterion identifies the 

cluster center as  
-1 

                                                                                                                                     (3) 

Where pc is cluster center from z real poles of the original system.  

Let, m pair of complex conjugate poles in a cluster be then 

the IDM criterion identifies the complex cluster center in the form of  
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For getting the denominator polynomial for rth order reduced model, one of the following cases may occur. 

Case 1: If all cluster centers are real, then denominator polynomial for rth order reduced model with retained dominant 
pole can be obtained as  

                                                    (5) 
where  cluster center and is the dominant pole 
Case 2: If (r - 3) cluster centers are real and one pair of cluster center is complex conjugate, then Dr(s)can be obtained as  

                            (6) 
where  c1 and  c1are complex conjugate cluster centers or = c1 = Ac, + jBc and  c1 = Ac - jBc. 
Case 3: If all the cluster centers are complex conjugate, then reduced denominator polynomial can be taken as  

           (7)     

Step-II: Determination of the numerator of rth order reduced model using Integral square error [Singh, Chandra and 
Kar, 2004], [Luss and Jakola, 1973]. 
Once the reduced order denominator of the stable nth order linear time invariant dynamic multivariable system is 
obtained, we utilize the denominator coefficients as fixed parameters and all the coefficients of the numerator are treated 
as free parameters in the process of optimization  based on Integral Square Error Minimization technique.   

 
NUMERICAL EXAMPLES 
Example-I: Consider a fourth order system described by the transfer function  

 
 

 

 
Using step-1, two cluster centers from the real poles -1, -2 and -3, -4 can be formed from equation (3) as  

 
 

 
Therefore, denominator D2(s) can be synthesized using equation (5) and is given by  
 D2(s) =(s+1.3333)(s+6.667) 
=8.8871+8s+s2 

The reduced second order model can be taken in the form of  

 
Now on using step 2, the model takes the following form: 
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Figure 1: Comparison of step responses reduced order model 

 
On solving the problem by dominant pole technique 
Step l. The dominant pole (s+1) retained in the reduced order model and one cluster center from the real poles -2,-3 and -
4 was formed from equation (3) as  

 
Therefore, denominator D2(s) can be synthesized using equation (5) and is given by  
 D2(s) =(s+1) (s+3.75) 
=s2+4.75s+3.75 
The reduced second order model can be taken in the form of  

 
Now on using step 2, the model takes the following form: 

 
This reduced model is stable and non-minimum phase.  
The comparison of step responses of the reduced 2nd order models and the original fourth order system is shown in 
Figure 2.  

 
Figure 2: Comparison of step responses reduced order model with dominant pole 

Conclusion 
A mixed method for order reduction of MIMO stable system has been presented, based on dominant pole retention, 
Integral square error minimization and clustering technique. In this method, one or more dominant poles are retained and 
remaining poles are obtained by clustering technique. The coefficients of the numerator polynomial are obtained by 
Integral square error minimization using Luss-Jakola algorithm. The proposed method is illustrated with the help of an 
example and it has been observed from figure 1 and 2 that the response of the reduced order models has been found to be 
in agreement to the original system. The method is simple, efficient and takes little computational time. 
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