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ABSTRACT

A weighted average of n independent continuous random variables X, -, X,, with random proportions is
introduced. A formula between the Stieltjes transforms of the distribution functions of the weighted averages
and X,,---, X,is established. We show that, among some other distributions, the Cauchy distribution and the
power semicircle distribution can be characterized in a particular way by means of this construction.
KEYWORDS: Randomly weighted averages, Schwartz theory.

1INTRODUCTION

Van Assche (1987) on identifying the distribution of a random variable S uniformly distributed between
two independent random variables xand Y, Soltani and Homei (2009) considered a randomly weighted
average of independent random variables X,,---, X,, defined by

Sp =R X +-+R, X, n=2/(11)

where random proportions are R; = Uy — Uy, i =1,--,n—1and R, =1—-Y"""R;, Uqy,~ U1y
order statistics of a random sampleu,,---, U, from a uniform distribution on [0,1], Uy = 0 and Ug,y = 1. We
refer tor;, i =1,---,n, as the cuts of [0,1] by Uyy,---, Ug,y. Soltani and Homei (2009) express the (n — 1) —th
derivative of the Stieltjes transform of the distribution function of S,, as the product of the Stieltjes transforms
of the distribution functions ofX,,---,X,. Their method is similar to the one of Van Assche (1987), using
certain techniques in Schwartz distribution theory and the formulas for the distribution of random average of
X1, X, given by Dempster and Kleyle (1968), where random proportions are cuts of [0,1] by Uy, -, Ug—1)-
For application refer to Soltani and Roozegar (2012). In this paper we give some examples.

2 Conditional directed power Distribution

The distribution of a linear combination of the random variablesR;, -, R,,_;, Say¥ =" ¢;R; for constantsc;
satisfyinge, > ¢, > -+ > ¢,_, >0, at a point x is given by

[ﬂ]— S (egy cjﬂ(ci—cj)ll, a0

j=t+1 i%j

where0 < x < ¢, and t is the largest positive integer such thatx < ¢, (Dempster and Kleyle, 1968).Let us
apply (2.1) to derive the conditional distribution ofs,, givenX; = x,,---, X,, = x,at z,denoted byK(z|x,, -,x,),
forx, >x, > >x, and x,_; <z<x,_;_,,i=0,--,n—2. We note that}™, x;R, = X1 (x; — x,)R; + x,, .
Thus by using (2.1) with¢; =x; —x,, i=1,--,n—landt=n—i, we obtain that forx,,, <z<x,r=
1, ,n—1, K(z]xq, -, xy,), IS equal to

(z —x,)" " [ﬁ(xj - xn)] - S (z- xi)nfl [(xj - Xn) n(xk - i)] :

j=r+1 k#j

By changing variables, firstj* = n — 1 — jand then j = j* + 1in the summation, the conditional distribution
forx,,., <z<x,. r=1--,n—1will be equal to

(z —x,)" " [ﬁ(xj - xn)] - "il(z - "n—i)w1 [(xnj —Xn) n(xk - xni)] :

k#j

Now we leti =n — 1 —r, then

*Corresponding Author: Monireh Hamel Darbandi, Department of Statistics, Faculty of Mathematical Sciences,
University of Tabriz, Tabriz 5166617766, Iran. Email:darbandi89@ms.tabrizu.ac.ir

12044



Hamel Darbandi et al., 2012

K(zlxy %) = Zc(x ’) =

n— l’

xn_i<Zan11, i=0,n-2
where forj =0,---,n—1,
n—j-1
(n] o n)_l_[(xk n]) n(xk n])
k=n-j+1
By using the Heaviside function:U(x) =0, x <0, =1, x = 0, we obtain that for any given distinct
valuesx,, -, x,, the conditional distribution is given by
(z Xp— l)" 'U(z — xn- l)
K(z|xq, - = Z 2.2
(zlxy, -+ xn) = PRT—— (22)

Forz € [min{xy, -, x,},max{x,, -, x,,}], together withK (z|x,, -+, x,) = 0 forz < min{x,,---, x,}and = 1,
forz > max{x,,---, x,}, Thus we arrive at the following result.

Theorem 2.1. Assumes,, is a randomly weighted average given by (1.1). Then the conditional distribution of
S,, for given distinct valuesX; = x;,---,X,, = x,, atz, —oo < z < +oo Will be given by (2.2).

3 preliminaries and previous works

In this section we present the main results of this article. Let us first develop some basic tools. We first
record the following partial fraction formula:

n

1 a
(Z—Xl)(Z—xz)..-(z—xn):;Z_xi’ (31)

where

al:|: 1_[ (xn—i_ ])] , i=0,,n—-1

j=1j#n-i
The second item is the following formula taken from the Schwartz distribution theory, namely,
nr e dr

f p(x)AM(dx) = - !) T #()A(dx), (32)

Ais a distribution function and A™ is the n-th distributional derivative of A.

The conditional distribution K (z|x,,---,x,) given by (2.2) leads us to the following linear functional on
complex-valued functionf, defined on the set of real numbers R;

n-1
K(flxy, - %q) = C(xf(xx—r:l)x)

i=0

, fR->C

It easily follows that

K(af + bglxy, -, x,) = aK(fx1,+, xn) + DK (glxy, -+, %,)(3.3)
for any choice of complex-valued functionsf, g and of complex constantsa, b. We note that K(z|x,,,x,) =
K(fylx., -+, x,. ). wheneverf,(x) = (z — x)* 1U(z — x). Also we note thatU(z — x) = (-1)*(n — 1)! %fz(x).
ThusP(s, < z) = [ Uz — x)dF; (x) = [ K(zlx;, -+, x,) [T, Fx,(dx;) can be viewed as:

l)nfl

thM%M EDJMWMMWL%M) (34)

Therefore by using linear property (3.3) along with (3.4) and a standard argument in the integration theory,
we obtain that

n—1

ewﬂm—wfd

dnﬂmmnffwwafmemm

for a suitable f. Now (3.5) together with (3.2) lead us to

[rears o = [ k@l [ B, @
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for a suitable £, wherer[:‘l] is the(n — 1)—th distributional derivative of the distribution ofS,,.
Let us denote the Stieltjes transform of a distributionH by

1
S(H,Z) = f mH(dx),
R

for everyz in the set of complex numbers € which does not belong to the support ofH, z € C N(supp H)*. For
more on the Stieltjes transform see Zayed (1996).

The following theorem indicates how the Stieltjes transforms ofs,, andx,, ---, X,, are related.

Theorem 3.1.Under the assumption that X, -, X,, independent and continuous,

( l)n 1 anr 1 c
(TL — l)l dzn— 1S(an Z) 1_[ ‘S(FXl Z) z€C ﬂ Supp FXi) .

Proof. It follows from (3.6) that
s (Fn1 2) = fRnK(gz|x1,---,xn) [T man.

forg, (x) = % But
_ n-1 1/(Z _xn—i) _ n-1 l/C(xn—i;xlv"'vxn)
K(gzber, v xn) = Zi:o CQtn_iy X, Xp) B Zl 0 (z —xny)

:(_1)n_1zzl=1zfx =D 11_[ 1z—1xl

where the last equality follows from (3.1). Thus

S(F[n—l] Z)_(_l)n—ll_[n S(F Z) ZE(Cﬂn (Su F, )C
Sno %) T PR i=1 PP ox)

Therefore
(_l)n—l dn-t _ 1 _ 1 a1t
(n— 1)l dzn1 S(an,z) = fua( — )" Fs, (dx) = (n—1)! Jpdxn1z—

=(- 1)"—1f — ! ——F ) =(-)"s (R, )

= 1_[ _ S(F2),

giving the result. The proof of the theorem is complete.
Now we are in a position to present the Cauchy characterization and the Arcsin result.

Theorem 3.2. Assumes,, is given by (1.1) andx,, -, X,, are i.i.d. continuous random variables with a common
distribution functionF. Then S,, has distribution F if and only ifF is a Cauchy distribution.

an (dx)

Proof.The "if" part is immediate. For the "only if" part we note that if F is also the distribution of S,,, then it
will follow from Theorem 3.1 that

(1" dnlSF S(F,2)]" C(3.7
= Didz1 (F.z2)=[s(F.2)]", zeC@7)
By an argument similar to the one given by Van Assche (1987), the solution fors(F, z)in (3.7) is
1
S(FVZ)—m, Im(z) >0, b=#0,

which is the Stieltjes transform of the Cauchy distribution. The proof is complete.
Theorem 3.3.Under the assumption that X, -, X,, independent and continuous,

(-1t gt 0 (Cymet gmiet .
o a5 = | o pragesd ). z€ | (supp F,)'

Lemma 3.4.Let Z; be a random variables that have a conditionally direct distribution. Suppose that random
variables X; and X, are independent and continuous with distribution functions Fy and Fy,, respectively. Then

1 2
=S® (Fy,,2) = =5 (e, 2)S V(P 2), zec ) (swop F)"
i=1

Theorem 3.4. Let X;and X, be i.i.d random variables on[—1,1], then
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(@) if X, has uniform distribution on [-1,1], thenZ;has semicircle distribution on [-1,1] if and only if X,has
Arcsin distribution on [-1,1];

(b) ifx; has uniform distribution on [-1,1], then Z, has power semicircle distribution if and only if X, has
power semicircle distribution, i.e.,

f(Z)=3(1f_ZZ), —1<z<1;

(c) if x; has Beta (1,1)distribution on[0,1], then Z, has Beta (%;) distribution if and only if X, has
Beta(l,l)distribution;

22
(d) if x; has uniform distribution on [0,1], then Z, has Beta (2,2) distribution if and only if X, has
Beta(2,2)distribution.
Proof. (a) For the “if” part we note that the random variable X; has uniform distribution and X, has Arcsin
distribution on [—1,1]; then

1

S(FXI,Z) = E(ln|z + 1| — In|z - 1]).

ands (Fy, 2) = ==

From Lemma 3.4 and substituting the corresponding Stieltjes transforms of distributions, we get
2

(22— 1)
The solutions(F,, z)is
S(le,Z) =2 (z —+zZ — 1),

which is the Stieltjes transform of the semicircle distribution on [—1,1].

S”(FZI,Z) =

For the “only if” part we assume that the random variable Z; has semicircle distribution. Then it follows from
lemma 3.4 that

1 -1
S(Fy, 2)——=—"->.
( Xz'Z)l_ZZ (Zz—l)%
The proof is completed.

(b) By an argument similar to that given in (a) and solving the following differential equations,
S§"(Fy.2) = ﬁ (32_Z + % (A —z*)(nlz+ 1| - In]z - 1|))),(for the “if” part), and

3 2z+(1-z2)(In|z+1|-In|z-1])

ﬁS(sz, z)=12 s , (for the “only if” part),

the proof can be completed.

(c) By Lemma 3.4, we have
1

-1
- 2(z-1) \Jz(z-1)’'

-1 __~1 13 Bt
D rz_l)—Z(Z_I)S(sz,z),(for the “only if” part).

The proof can be completed by solving the above differential equations.

—>8"(Fz,2)

(for the “if” part), and

(d) By Lemma 3.4, we have

S"(Fy,.z) = Z(;—_Zl)(e(zz — z,)(In|z| — In|z — 1]) — 62 + 3),(for the “if” part), and
S(Fx, z) = 6(z — z%)(Inlz| — In|z — 1]) + 6z — 3,(for the “only if” part).

Solving the differential equations, can complete the proof.

4  Some characterization
In this section, we also observe application of theorem 3.3, as:
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Theorem4.l.Let m; =3, m, =1, my=1 and X;,X, and X; be independent random variables on
[-1,1]. ThenifX,, X; have Arcsin distribution, thenx;has semicircle distribution on [-1,1]if and only ifS;has
power semicircle distribution on [-1,1], i.e.,

@)= (-2, ~15z51

Proof. The random variableS;has a power semicircle distribution on[—1,1] andX,, X; have Arcs in distribution
on [-1,1], then it follows from the theorem 3.3

1 d*
E@S(F,Z) = S”(Fxl,Z)S(FXZ,Z)S(FXS,Z)
2 5 (e 2) 1 1
= Z)———
(22— 1) WiV 1

The solution fors(Fy, , z)is

S(FXI,Z) =2 (z—\/z2 - 1),

Which is the Stie Itjes transform of the semi circled is distribution on[—1,1].

Theorem4.2.Let m; =1, m, =1, my =2 and X,,X, and X; be independent random variables on [-1,1],
thenx,, X,andx; have Arcs in distribution on[—1,1]if and only ifs;has a semicircle distribution on[—1,1].

Proof. The random variables; has semicircle distribution on [—1,1], then it follows from the theorem3.3

’ 1 d3 —Z
S(FX1’Z)5(FX2xZ)5 (FXS,Z) = E@S(F,z) =

(22 - 1):
Thesolutionfors (Fy,, z)is
—_— 1 y —
S(FXi,Z) = \/T—_]_’ L= 1,2,3

Which is the Stie Itjes transform of the Arcs in distribution on [—1,1].
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