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ABSTRACT

In spite of the fact that investigation of rise(or lack of rise) of boundary layer in a boundary value
problem for an ordinary linear equation whose coefficient of higher order derivative contains a small
parameter under local conditions was conducted sufficiently we’ll, but under non-local
boundary conditions and mainly for partial equations such type problems were considered and investigated
not enough.

In the paper we considered a boundary value problem for linear partial differential equation of first order
under non-local boundary conditions when an elliptic type equation is transformed into hyperbolic one.
KEYWORDS: partial differential equation, perturbed equation, Cauchy-Riemann equation, fundamental

solution, fundamental solution in direction, necessary conditions, Dirac’s delta-function,
Heaviside function, Dirac’s complex argument function.

INTRODUCTION

It is known that in boundary value problem stated for ordinary linear differential equation whose
coefficient of higher order derivative depends on a small parameter and if this parameter tends to zero the
order of the equation decreases. Therefore may be limiting state of solution of the given boundary value
problem doesn’t satisfy boundary conditions [1],[2],[3]. So, if limiting state of the solution satisfies all the
conditions of the problem, then a boundary layer arises in none of the boundaries. If even one of local
conditions is not satisfied, then a boundary layer arises namely in the boundary where this condition is
given.

Under non-local boundary conditions this problem , i.e. investigation of a boundary layer (on which
boundary?) remains open [1]. We investigated these problems in [4], [5].

Here we’ll consider a boundary value problem on a strip of plane for an elliptic type, linear partial equation
of first order where the coefficient of the equation contains a small parameter. When this parameter tends
to zero, this elliptic type equation becomes hyperbolic. Boundary conditions are not local.

lu, = 8gg(x)+l,88ug(x) =0, x€R, x,€(0,1),
X

Oox

2 1

(1
here &€ > 0 is a small parameter.
As first we construct an equation conjugated to equation (1). To this end we scalarly multiply the equation

(1) by the function 19 (X) . In the obtained expression we integrate by parts the internal integrals

0=(f.u 8"9) jdx Ma 9, (0)dx, —Jd Jau (x)S(x)dx +18defaa( )9( )dx,
- (%)
We take into account that the following natural conditions are fulfilled:
11n+1 u (x)=0, (2)

Then, from (*) weget [6][7]:
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a.9 (), 09 (x)
ox

2 1

=0.

- .][dxz.[dx (x)

)

Thus, the relation conjugated to the equation (1) is obtained in the form:

08,(x) . 29,(x)

8 = 4)
Ox, Ox,
Fundamental solution of the conjugated equation
In order to construct fundamental solution we consider the following inhomogeneous equation
that corresponds to the equation (4):
03 (x) . 09 (x
), 0900 .
ox, Ox,
here & (x) is an arbitrary smooth function.
It is known that the Fourier transformation [6] is one of the principal methods for cons-
tructing fundamental solution. Assume
1 i(a,x)q
3. (x)=—— [V, (a)da. ©)
21 5,
R
_ ez ing
g(x) = g(a)dar. ()
27 5,
R
5 L -itad)
Zla)=—— [ *g(&)de. ®
21 5,
R
here
(a,X) = Ollxl +a2X2. (9)
Now, the values of (6) and (7) writein (5):
— [e"“Via,I(a)do —is— je’(“ Vi, d(a)da =
27[1# 27[1#
1 ~
= e g(a)da,
27T R?
1 i(a,x)
e"Nla, +ea ).9(05) g(a)da =0.
27T R?
Hence, for 19(06) we get the following equation:
(ioy +ea))3(a) = g(a).
~ g(a
S(a):f—gi—l—- (10)
1062 + 8061
Taking into account (8) and substituting (10) into (6) we get:
1 - 1 1 i
3.(x)=——["“Vda [ D g(&)dE .
2 i, +ea, 2rm
R? 2 1 R?
Thus, for fundamental solution we get the relation:
ei(a,x—é)
Vix-¢&)= j dot (11)

4’ ria, +&ea,
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Considering that this relation is differentiable and having written instead of g o (x) its value in equation

(5) we get the following expression:

V(x=&) . oV.(x=&) _ 1 ia —is-ia

- : e[(a,x—i)da —
Ox, ox, dr” e ia, +eq,
1 iorg (x1=¢1) 1 oy (x2-62)
=——Je da,-——Je da,=0(x, = &)o(x, =&,)=0(x = ¢).
27T R 27T &
(12)
Remark 1. If we’ll calculate the integrals contained in (5) we get the expression:
1
V.(ix=&)= , (13)

gz i g(x] - gl)
If we write the value of this expression in (5) this doesn’t show that we obtain O (x - g ) .
Fundamental property of (13) is understood in a generalized sense.

Construction of fundamental solution in direction
Having applied the Fourier transformation to the equation (5) with respect to the variable X;

we get :

"3 (e, x,)da, (14

Sg(x)=ﬁ£e

1
g(x)= E i €
ga,.x,) = \/;—m{e‘i“‘é‘g(é,xz)dé- a6

Substitute the values of (14) and (15) into (5):

'[ iax d9 (al7“x )
R dx

(e, x,)da, (15)

,[ 'amialgg (al 7x2)da| —
R

2

J iayx] §(a| ’xz)dal’
R

d9.(a,,x,)

dx,

+a,e8.(a,x,) &0y, x,) lda, =0,

J' iagx
R

3\

Hence, for ‘9.9 (OC 1-X 2) we get the following ordinary linear differential equation of first order:

d§ (061 X2) ~ ~
— =t e 8, (o, X,) = 8(ay, %) (17)
dx,
General solution of this equation is:
x
V(a,x,)=Ce"™ +[e™"g(a, ), (18)
x

here C and X, are arbitrary numbers. If C =0, o, < O, then X, =00, if &) > O then

X, = —00 . Then
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J‘e £a)(x— §2)~(a1’§ )dézﬁ

(19)

§g (061 ’xz) .
Je " g(a,,8,)dE,,

Now, considering (16) we substitute the value of (19) into (14)
X 1 X
9 (x elalxl do [e %% (Xz—éz)d . e—la151 dé +
L(x) = \/— .[ I ;[ S mi g(8)d¢,
o X 1 .
eda e—gal(xz—éz)d . e—la151 dé =
fe"nda, | & le (s

—00

e ioyx] 7 —gay(xy—& 1 - &
je‘da]je ( é)dé'mie ég(g)dé"'

1
'\[ —0
0 X2 1 .
lalxlda e—gal(xz—éz)d . e—la151 dé =
.([ 1.[ S mi g(8)d¢,

—00

2r
1 o 1 .
— lam dOl e’wl(”’@)@ -X d . e*’al'fl d +
/ .[o 1.}[ (éz z) éz m.}[ g(é) él
1 |
elam dOl e (xzfriz)e —X d . eﬂale‘l d .
\/_71"[ 1.}[ (S, —x,)dg, m.}[ g(8)d¢,

Hence, for fundamental solution we get:

IO e c oo
Vg(x—g) — _Z jelal(xl & )—eay(x 52)0(&2 —Xz)da] +
- (20)
I =,
ioy (x—=&))—eay (x2-&2)
+Z.[eal R 0()(?2 _gz)dal
0
Verifying fundamental solution that we obtained above, after application of the Fourier trans
formation, similarly from (20) we get:
8V (éx é) 5(53 X ) J‘ iy (x1—-&p)—gay (x2— iz)da +
X, T s
+i Te"al(xﬁé)*sal(xz*fz)a 9(5 —x )da 4
271_ i 1 2 2 1
( éz)J‘ iay (xj—&p)—¢eoq (xp— iz)da _
2 0
&
_Zz[elal(w &1)—eay(x— iz)a Q(X _éz)da —
— ( 5 52) J‘ ioy (% - il)da +MJ‘ io (x1=61)—g 0 (x2 = iz)a dal +
T -0 72:
( = éz)z‘; ioy (x)— 51)d 80()6227;52) J‘e"al(xl*él)fwl(XZ{Z)aldal =
EO(E, — X)) % o xiercan (xo
_ ( 27[ éz)i iay (x— él)dal + (5227[ 2) J‘elm(xl EN-eap(xy fz)aldal _
EO(X, — &) % ioixioersa (xre
- (227[ éz)je:alm &)z (x 52)0!.01051 =0(x,—&)o(x, = &)+
0
89(52 _xz) j‘eioq(xl—él)—sal(xzféz)aldal _ 80('x2 — éz) ]geim(x1*§1)fsa1(xz*§2)aldal,
2 2
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8[/8 (x — 5) __ 8(52 - xz) l feia](xlfé )7Ea](X27§2)a1da1 +
ax 21 -0

1

+ Q(Xz B 52) l']‘)eia](x]*é] )—ea1(x2-&3)
2 0
Substituting these expressions into the left hand side of the equation (5) instead of N o (x) we get relation
(12).

Definition Fundamental solution (20) is a fundamental solution of equation (5) in the direction of X,

[8].

By immediate verification we can easily show that the function:

Ve(x=8)=0(x; —&,)0(x; =& +ie(x; —&5)),
(21)

is a fundamental solution of the equation (5). This is clear from the following relations:

ada,.

ZV - 5()(7 §2)5(x] - gl +i8(X2 _gz)) +i80(X2 _§2)5’(x] _gl + i8(X2 o gz))’
X
(ZVS =0(x, — E)5'(x, — & +ie(x, = £)).
X
Ve ;e _ 6(x—&)+igb(x, —&,)0'(x, =& +ie(x, = &,)) -
ox, ox,

- ige(xz - gz )5,()‘:1 - gl + ig(x2 - gz)) = 5()(? - g)

Necessary conditions
We scalarly multiply both hand sides of the equation (1) by the fundamental solution (21) and get:

0= (00,7, = e [P G, o, 207 G B, =

2 R ]

:idxl{ug(x)fc(x—é)‘; ju( )8V(x 5) }

sisfas 7G]0 |

:j[ua(xlﬂl)Vg(xl _51’ 1_52)_1“‘3()6130)[/3()61 _51 _gz)del B

{am & l.gamx—&)}
Ox, ’

~ Jdx [ (x)
hence 2

e, G VoG =6 T80 . (. 00V (=& = &) =
u, (5)9 51 €R, 52 < (09 1)9 (22)
0@, &R &=0 &=l

In the expression (22), the first expression determines internal value of 2 (5 ) , by its boundary values.

The second expression in (22), are necessary conditions since this expression determines
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boundary value of the unknown function by the same boundary values. Now, distinguish these conditions:

%ug (&, 0)= [lup Cep. DV, Gy = &, 1) = 10, (30, 0)V, (31 — &, O)
R

S0, = i, DV (5 = 0) =, (5,007, (= &~ D,

In these expressions we write the values of fundamental solution having taken then from (21):

%Mg(é, 0) = [u, (x,DOM)S(x, =& +ig)dx, — [u,(x,,0)0(0)5(x, — & )dx, .

1 .
Eus (gl > 1) = .[ug (x] ,1)0(0)5()(?] - gl )dxl - .[ug (x] ,0)0(—1)5()(?] - gl - lE)dX] :
R R
Since the second expression from the above obtained one is an identity the first expression is represented in

the form [9], [10]:
u (£,0)=u(& —ie, 1), (23)

It is seen from this necessary condition that in the given strip a natural boundary condition for the equation
(1) is given in the form of linear combination of expressions contained in (23). Thus, for the equation (1)
we take a boundary condition in the form:

u (6,0 +u (5 —ie, D=0(S;), & €R (24)
Then, from (23) and (24) we get:
o(&)

ue(glao):ug(gl —ig, I)ZT (25)

Now, we’ll use the first part of the main relation

ug(c)= I”e (x1, )00 =8)0(x; — & —ie(l—E&y)dx; —
R
— [ut, (51,0008 33, — & + iy )b, =
R

= J.ue(xlal) 0(xy =6 —ie(1=&y)dxy =u (& +ie(1-EG,),1)
R

(26)
Thus, the solution of boundary value problem (1), (24) is obtained in the form (26). Hence
ug () =limu, (S) = uy(5y,1). @7)
e—0
Finally, if we’ll use (25), then for the limiting state of the solution we get the following:
1
o () =5 ¢(51). (28)

It is seen from the obtained expression that the limiting state of the solution of boundary value problem
(28) satisfies the given boundary condition (24), i.e. boundary layer doesn’t arise.

Remark 2. Instead of boundary condition (24) of the given problem we can take the following condition:

o, (5)u, (5,0 +a,(S)u, (s ~ie,) = 9(s). ¢ €R,
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