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ABSTRACT  
 

In descriptive statistics, there are two computational algorithms for determining the correlation coefficient, if we 

have two sets of observations    1

k
i ix

 ,   1

m

j j
y

 : 
 

Algorithm 1:r = 
∑ ∑ ௡೔ೕ(௫೔ି௫̅)(௬ೕష௬ത)೘

ೕసభ
ೖ
೔సభ

ට∑ ௡೔(௫೔ି௫̅)మ ∑ ௡ೕ(௬ೕି௬ത)మ೘
ೕసభ

ೖ
೔సభ

,      and Algorithm 2:r =
(∑ ∑ ௡೔ೕ௫೔௬ೕ)ି௡௫௬തതതത೘

ೕసభ
ೖ
೔సభ

ට∑ ௡೔(௫೔ି௫̅)మ ∑ ௡ೕ(௬ೕି௬ത)మ೘
ೕసభ

ೖ
೔సభ

 

 

Where
i

n

i
x

n
x  1=

1= , and the correlation coefficient formula will be numerically stable only if it is derived  

from the division of covariance over variance for they are numerically stable. It is interesting to discuss, which of 
the above formulas is numerically more trustworthy in the machine numbers set and lattice rules?  We prove that the 
first algorithm is the better than the second algorithm. Numerical experiments show the efficiency of Algorithm 1. 
KEYWORDS: Quasi -Monte Carlo methods, lattice rules, computational statistics, round-off error, Lattice-Nyström. 
 

INTRODUCTION 
 

Random sequence is at the heart of the lattice rules and quasi-Monte Carlo (QMC) methods [8, 15].  
Acceptable random sequence of uniform random points for integration lattices and the digital pass a variety of such 
tastes:  

1. Serial correlation  
2. Uniformity test 
3. Gap test 
4. Run test 
5. Permutation test. 

 

 Also, the correlation coefficient as an important concept from statistics is a measure of how well trends in the 
predicted values follow trends in past actual values.  It is a measure of  how well the predicted values from a forecast 
model "fit" with the real-life data.  On the other hand, we observe that there are different methods for computing 
correlation coefficient.  It is interesting to discuss, which of the methods is numerically more trustworthy in the 
machine numbers set? 

In this paper, we want to discuss the numerically stability of serial correlation. This is a rather weak test for 
interdependence between two sequences.  If the serial correlation coefficient is very small, then two sequences are 
most independent.   

On the other hand, there are some aspects strategies for error analysis were investigated by [1-7,9,11,13,14,17-
21]. Assessing the accuracy of the results of calculations is a paramount goal in numerical analysis. One 
distinguishes several kinds of errors which may limit this accuracy: 
1) Errors in the input data, 
2) Round of error, 
3) Approximation errors. 
 

The stability analysis of a numerical method is related to the above sources of error if the amount of the total 
error is very small [10,16]. 
In the following, we recall some basic definitions for this investigation from [ 11]. 
 

Definition 1.  We define the set of machine numbers by 
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ܨܫ = ,݉,ߚ)ܨܫ (ܷ,ܮ = {0} ∪ ൝ݔ ∈ ℝ ∶ ݔ = (−1)௦ߚ௘෍ߙ௜ିߚ௜
௠

௜ୀଵ

ൡ, 

 such that the set of floating point numbers with m significant digits , base 2  , 01   , 10   i  , 

mi ,1,=   , 0,1=s  and the range of ),( UL  with UeL  , e , L  and U , also, we have:  

 1.)1)(12(= 1  mLUFICard   
Moreover, we recall that  underflow and overflow are obtained if  and , respectively. 
If we consider an algorithm same as )(= xy   , such that function  ߮:ܦ ↦ ℝ௠ ܦ, ⊆ ℝ௡ , x  and y  are input and 
output of  , respectively.  Therefore, we can give the following  decomposition for : 
   

 ߮ = ߮(௥) ∘ ߮(௥ିଵ) ∘∙∙∙∘ ߮(଴) 
߮(௜):ܦ௜ ↦ ,௜ାଵܦ ௝ܦ  ⊆ ℝ௡ೕ , ଴ܦ  = ௥ାଵܦ,ܦ ⊆ ℝ௡ೝశభ = ℝ௠ , 

where its sequence of elementary operations gives rise to a decomposition of  into a sequence of elementary maps 

and leads from xx :=(0)  via a chain of intermediate results  
 ,==)(=)(= 1)()()((1)(0)(0)(0) yxxxxxx rrr    

to the result y. Now let us denote  the ``remainder map'' by:  
߰(௜) = ߮(௥) ∘ ߮(௥ିଵ) ∘∙∙∙∘ ߮(௜):ܦ ↦ ℝ௠     ݅ = 0, … ,  ,ݎ

then  with floating-point arithmetic.   
 

 On the other hand, if we assume that every )(i  is continuously differentiable on .iD  Then, we arrive at the 

following formula which describes the effect of the input errors x  and the round off errors i  on the result 

)(== 1)( xxy r  :  
ݕ߂ = (௥ାଵ)ݔ߂ ≐ ݔ߂(ݔ)߮ܦ + ଵߙ൯(ଵ)ݔ൫(ଵ)߮ܦ +∙∙∙ ௥ߙ൯(௥)ݔ൫(௥)߮ܦ+ +  ௥ାଵ,              (1)ߙ

where 

,||,
000

000
000

=
2

1

1 epsE j

n

i 























 













and 

.= 1)(
11




i
ii xE  

Therefore, we consider xD   where  the Jacobian of the matrix )(iD , which measures the propagation 
or  total effect of rounding error is,  

                                     .1
)(

1
(1)

 rr
rDD                                                         (2)  

 

Here, we recall the following mapping:  
݀ݎ                                      ∶ ܦ → ܦ   ,ܨܫ ⊂ ℝ, 

 where  for all  and  (we call eps as the machine epsilon or 

the machine precision). 
Definition 2. An algorithm is  numerically more trustworthy than another algorithm if, for a given data set x  , the  
total effect of rounding error (2) smaller for the first algorithm compared to that of the second one.  
   We convert the computing of the correlation coefficient formula to the following algorithms. Based on the 
following algorithms, since the numerically stability variance has been estimated [11], so, here, we only consider the 
numerically stability covariance: 

 

 

Le < Ue >





)(i

 (0)

epsxxrd  ||),(1=)(  Dx teps   ]
2

[=

1 1lg  1 :C = c o v (x ,y )= ,

k m

ij i j
i j

n x y
A o ri t m

n
xh y  

 

1 1

1lg  2 : ( )( ).
k m

i jij
i j

A o rith m r x x y y
n

n
 

   
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 Computation of DφΔx for two algorithms 
 

Proposition 1.The terms DφΔx are changed for two algorithms. 

Proof:  In Algorithm 1 for  , we have the following statement: 
 

 
If we write, 
 

 
and 

 
and 

 

   1 1, , , , ,k mx x x y y y  

1 1
1 1

1 1
1 1

1 ..

T
m m

j j j k j
j j

k k

i i i m
i i

k

mi

y n y x y n y x

n
x n x y x n x y

C D x  

 

   
   


     

  
 


    
   

       
  

 
  

 

 







1 1 1 1 1 1 2 1 2 1 2 2 1 1

1 1

) ,1(

1 ( ) ,

k m

ij i j
i j g

F

m m m m k k k m k m

C
n

F n x y n x y n x y n x y n x y n x y
n

n x y x y
 

 

         

 

  

 



 

11 1 1

21 1

1
1

2

1

1

1

2

1

1 1

m

j j
j

m

j j
j

m

T
m m

k j j

m

j

m

k k m m

n y n y
n y n y

n y

n y

n

F
x n n

n y
y

n y









         

 
 



 

















11 1 1

12 1 2

1 1

,

1

T

T
k k

k k

m k m k

n x n x
n x n xF

y n
n x n x







 
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 
 



  
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
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n
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

 







  
    
 
 

   

 
                    
 

 







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




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1 1

2 2
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 
                    
  





 

7647 



Rostamy and Jabbari2012 

On the other hand we have: 
 

 
For derivation related to x1, we can write: 
 

 
Therefore, for all the other derivations of x = (x 1, . . . ,x k) we have: 

 

 
 

 
For simplifying, we can write: 

 
Therefore, for all the other derivations of   y= (y1, . . . , y m)  we have: 
 

 
Then we have: 

 

1
1 1

2
1 12

1 1

1 1 .

T Tm m
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 

 
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   
   
   
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   
   
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
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We simplify this statement once more to reach the relation DφΔx of the first algorithm: 

 
In algorithm 2, we have the following statement: 
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If we write, 
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And we can write 
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So, for derivation related to x=(x1,…, x k),we can write:    

 
Also, for all the other derivations of   y= (y1, … , y m): 
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Having compared this relation DφΔx for two algorithms, it is demonstrated that this amount for the second 
algorithm is more than of the first one. 
Hence, proof is completed.    

 Total effect of rounding for algorithm 1 
Proposition 2. A bound for the total effect of rounding error for algorithm 1 is as follows:  

 
Here, we assume A: = total effect of rounding error for algorithm 1 , such that 

 
Proof: If we consider algorithm 1 then for simplify we can write: 
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Moreover, we have: 

 

 
So, we can write: 

 
Therefore we have 
 

 
Therefore, the proof is completed. 
 
Total effect of rounding error for algorithm 2 
Proposition 3: A bound for the total effect of rounding error for algorithm 2 is as follows: 
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Here, we assume B: = Total effect of rounding error for algorithm 2, such that 
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we can conclude 
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So, we can write 

 
 
It is obviously seen that ІІ>І and this is achieved simply through the opening of the above relations, so, the one 
algorithm is much more reliable numerically. 
Therefore, the proof is completed. 
 
Computation of the total effect of rounding error for algorithms 
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Also, the following decomposition is given for algorithm 2, if we consider 
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     3 3

1 1

k m
k m

i j ij
i j

x x x y y n

 

 
   
 
 

 

 

It is concluded that if we have 
 

1

m

j j
y

 and,  1

k
i i

x
 then by using Algorithm 1 , we have (2k+2m+3) elementary 

maps. Also, for Algorithm 2 we have (3k+3m+1) elementary maps. 
 

Therefore, the second algorithm has also much more stages rather then the first algorithm, and has much more 
errors.  

Now that we have achieved the more reliable algorithm for the estimation of the covariance and since we knew 
that which algorithm has been much reliable for the variance, so we can reach the preferred algorithm for the 
correlation coefficient. 

Therefore, the following algorithm is much more reliable numerically for the correlation coefficient: 

 
 

RESULTS AND DISCUSSION 
 
In this follows we run two algorithms on two sets of data. Also, we assume that the set of numbers is IF (10,4,L,U). 
Our aim is to calculate the relative errors of the two algorithms in the set IF(10,6,L,U).   
Remark 1. 1e   and 2e  denote the relative error for algorithm 1and 2, respectively.  
 

Example 1. We assume that the set of numbers and observations are as follows: 

 

 
In the set IF (10,4,L,U) we obtain: 
xത = 0.2191 and yത = 0.2169 and in the set IF (10,6, L, U)we obtain 
xത = 0.219066 and yത = 0.216933 
 

In the set IF (10,4,L,U) we obtain for Algorithm 1 in Table 1.1: 
 

Table 1.1  Result of Algorithm 1for IF (10,4,L,U). 

 
 

also, in  this set  for Algorithm 2 we have  in Table 1.2: 
 

Table 1.2  Result of Algorithm 2 for IF (10,4,L,U). 

1 2 3

0.1345 0.0846 0.1254 0.0915 1 2 1
0.2123 0.0068 0.2213 0.0044 2 4 2
0.3104 0.0913 0.3041 0.0872 3 1 4

i i j j i i ix x x y y y n n n 
 


 
 
and  in  the set IF (10,6,L,U) we obtain for Algorithm 1 in Table 1.3: 

     3 3 1

1 1

1 .
k m

k m
i j ij

i j
x x x y y n

n
 

 

 
   
 

 

1 1

2 2

1 1

( )

( ) ( )

k m

i j
i j

k m

i i j

j

j
i j

i x y n x y
r

n x x n y y

n
 

 


 

 

 

 

1 2 30.1345, 0.2123, 0.3104.x x x  

1 2 30.1254, 0.2213, 0.3041, 3.y y y n   

1 2 2 1 2 3

0.1345 0.1254 0.0169 0.0266 0.0389 1 2 1
0.2123 0.2213 0.0297 0.0470 0.0686 2 4 2
0.3104 0.3041 0.0409 0.0646 0.0944 3 1 4

i j j j j i i ix y x y x y x y n n n
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Table 1.3  Result of Algorithm 1 for IF (10,6,L,U). 

1 2 2 1 2 3

0.1345 0.1254 0.016866 0.026622 0.038924 1 2 1
0.2123 0.2213 0.029765 0.046981 0.068691 2 4 2
0.3104 0.3041 0.040901 0.064560 0.094392 3 1 4

i j j j j i i ix y x y x y x y n n n

 
 

And finally, in this set we can obtain the quantities of Algorithm 2 in Table1.4: 
 

Table 1.4  Result of Algorithm 2 for IF (10,6,L,U). 

1 2 3

0.1345 0.08566 0.1254 0.091533 1 2 1
0.2123 0.006766 0.2213 0.004367 2 4 2
0.3104 0.091334 0.3041 0.087167 3 1 4

i i j j i i ix x x y y y n n n 
 


 
 

We obtain the relative errors in Table 1.5 for two algorithms: 
 

Table 1.5 Comparison between two algorithms for Example 1. 
 Alg. 1 Alg. 2 

Covariance of observations 
in IF (10,4,L,U) 

 0.0032 = ̅ܥ 0.3053 =̅ܥ

Covariance of observations 
in IF (10,6,L,U) 

C = 0.242736 C = 0.005991 

Relative error in IF (10,6,L,U)  e1=-0.6947 e2=0.9968 
 
Example 2.We assume that the set of numbers and observations are as follows: 

 

 
In the set IF (10,4,L,U) we have: 
xത = 0.1238 and yത = 0.1124 and in the set IF (10,6, L, U)we obtain 
xത = 0.123767 and ݕത = 0.112400 

 
In the set IF (10,4,L,U) we obtain for Algorithm 1in Table 2.1: 
 

Table 2.1  Result of Algorithm 1for IF (10,4,L,U). 
1 2 2 1 2 3

0 .1 1 2 3 0 .1 1 1 3 0 .0 1 2 5 0 .0 1 3 7 0 .0 1 5 1 3 2 1
0 .1 2 3 4 0 .1 1 2 4 0 .0 1 2 6 0 .0 1 3 9 0 .0 1 5 2 2 0 2
0 .1 3 5 6 0 .1 3 5 6 0 .1 5 2 3 0 .0 1 6 7 0 .0 1 8 4 1 1 2

i j j j j i i ix y x y x y x y n n n

 
 
also in this set for Algorithm 2 we have in Table 2.2: 
 

Table 2.2  Result of Algorithm 2 for IF (10,4,L,U). 

1 2 3

0.1123 0.0115 0.1113 0.0011 3 2 1
0.1234 0.0004 0.1124 0 2 0 2
0.1356 0.0118 0.1356 0.0011 1 1 2

i i j j i i ix x x y y y n n n 
 


 
 
and  in  the set IF (10,6,L,U) we obtain for Algorithm 1in Table 2.3: 

1 2 30.1123, 0.1234, 0.1356.x x x  

1 2 30.1113, 0.1124, 0.1135, 3.y y y n   
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Table 2.3  Result of Algorithm 1 for IF (10,6,L,U). 
1 2 2 1 2 3

0 .1 1 2 3 0 .1 1 1 3 0 .0 1 2 4 9 9 0 .0 1 3 7 3 4 0 .0 1 5 0 9 2 3 2 1
0 .1 2 3 4 0 .1 1 2 4 0 .0 1 2 6 2 3 0 .0 1 3 8 7 0 0 .0 1 5 2 4 1 2 0 2
0 .1 3 5 6 0 .1 3 5 6 0 .1 5 2 2 7 9 0 .0 1 6 7 3 3 0 .0 1 8 3 8 7 1 1 2

i j j j j i i ix y x y x y x y n n n

 
 

And finally, in this set we can obtain the quantities of Algorithm 2 in Table2.4: 
 

Table 2.4  Result of Algorithm 2 for IF (10,6,L,U). 

1 2 3

0.1123 0.011467 0.1113 0.0011 3 2 1
0.1234 0.000367 0.1124 0 2 0 2
0.1356 0.011833 0.1356 0.0011 1 1 2

i i j j i i ix x x y y y n n n 
 


 
 

We obtain the relative errors in Table 2.5 for two algorithms: 
 

Table 2.5 Comparison between two algorithms for Example 2. 
 Alg. 1 Alg. 2 

Covariance of observations 
in IF(10,4,L,U) 

 0 = ̅ܥ 0.002647 = ̅ܥ

Covariance of observations 
in IF(10,6,L,U) 

C = 0.0026 C = 0.000013 

Relative error in IF(10,6,L,U)  e1=-0.0180 e2=1 
 
Conclusion 
 

Computational correlation coefficient is playing on ones more important role in the testing independent random 
sequences in lattice and QMC, therefore, we try to use this work for the spatial numerical results that reminds a 
challenge in lattice-Nyström and sigmoidal-Nyström methods. If deserves special attention and will be consideration 
elsewhere (see[12,13]).  
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