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ABSTRACT 
 

Polynomial spline in off step points is used to solve fifth order linear boundary value problems. Boundary 
formulas are developed. We compare our results with the results produced by B-spline method and Non-
polynomial spline method. However, it is observed that our approach produce better numerical solutions in 
the sense that max | ie | is a minimum. 
KEYWORDS: Fifth-order boundary-value problem; Polynomial spline functions; boundary value 

formulae; Numerical results. 
 

1 INTRODUCTION 
 

This theory has developed into an interesting branch of applicable mathematics, which contains a 
wealth of new ideas for inspiration and motivation to do research. This type of problems arises in the 
mathematical modeling of viscoelastic flows [1,2]. Siddiqi and Twizell[3-6] presented the solutions of 
6th,8th,10th  and 12th  order boundary value problems using the 6th,8th,10th and 12th degree spline, 
respectively. Rashidinia et al.[7] presented the solutions of fifth-order boundary value problems using Non-
Polynomial spline. Farajeyan and Rafati.[8] presented the solutions of tenth-order boundary-value problems 
in off step points. 

In this paper we used polynomial spline approximation in off step points to develop a family of new 
numerical methods to smooth approximations to the solution of fifth-order differential equation.The method 
developed is observed to be better than that developed by Siddiqi et al [13],[10] and Caglar et al.[9] , as 
discussed in Examples 1,2 and 3. 
The scientific contribution of this paper are: 

1) The solution of boundary value problems. 
2) Formulation of boundary conditions 
3) Increase accuracy and reduce error 

We consider fifth -order boundary-value problem of type 
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Where ii  ,  for 2,1,0i  are finite real constants and the functions )(xf  and )(xg  are continuous on 
[a,b]. In this paper, in Section 2, the new polynomial spline methods are developed for solving equation (1) 
along with boundary condition(2).The boundary formulas are develop in Section 3. In Section 4, the 
polynomial spline solution of the BVP (1),(2) is determined and in Section 5 numerical experiment, 
discussion and comparison with other known methods, are given. 
 

2 NUMERICAL METHODS 
Let )(xS i  be the polynomial  spline defined on [a,b] as: 
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The spline S  is defined in terms of its 1th and 2th derivatives and we denote these values at knots as: 
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Assuming )(xy  to be the exact solution of the boundary value problem (1) 

and iy  be an approximation to ),( ixy  obtained by the spline )(xSi , we can obtained the coefficients in 
(3) in the following form 
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Continuity condition of the second, third and fourth derivatives at ),,(
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In order to eliminate m's and M's in the above equation (5-7) get nine additional equation i is replaced by 
2,1,1  iii  in each of the Eqs. (5),(6) and (7).After lengthy calculations, the following recurrence 

relation is obtained: 
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3 Development of the boundary formulas 
Liner system equation (8) consist of (n − 1) unknown, so that to obtain unique solution we need five 

more equations to be associate with equation (8) so that we can develop the boundary formulas of different 
orders, but for sake of briefness here we develop the fifth order boundary formulas so that we define the 
following identity: 
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4 polynomial spline solution 

Using the system defined by (9) − (13) and (8) along with the consideration of BVP (1), the following 
system in matrix form is obtained: 
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The vector C is defined by 
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5 NUMERICAL RESULTS 

 
Example 1. We Consider the following boundary-value problem 
 

,5)1()()( )2()5( SinxxxSinxSinxCosxxxxyxy  10  x 
 

2)0(),1()1(,1)0(,0)1()0(  ySinyyyy  
(15)  

The analytic solution of the above system is Sinxxxy )1()(  . It is evident  
from Table 1 that the maximum errors in absolute values are less than those presented by [13]. 
Example 2. We Consider the following boundary-value problem 
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2)0(,0)1(,1)0(,0)1()0(  yyyyy  
(16)  

The analytic solution of the above system is Sinxexxy x)1()( 2 . It is evident from Table 2 that the 
maximum errors in absolute values are less than those presented by [13]. 
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Example 3. We Consider the following boundary-value problem 

 
,)1015()()()5( xexxyxy       10  x  

0)0(,)1(,1)0(,0)1()0(  yeyyyy  
(17)  

The analytic solution for this problem is xexxxy )1()(  . This example have be solved by our presented 

method with value of, 
80
1,...,

10
1

h , the computed solution are compared with exact solution , The 

maximum absolute errors associated with iy  for the system (17) are summarized in Table (3) and compared 
with [9,10]. 
Table1: Observed maximum absolute errors for example 1.  

h [13] Our methods 

12
1  )(. 596389   )7(188.3   

24
1  )(. 538811   )8(768.3   

48
1  )(. 682001   )(. 81386   

96
1  )(. 732692   )9(446.1   

12
1  )(. 892782   )(. 99673   

Table2: Observed maximum absolute errors for example 2.  
h [13] Our methods 

12
1  )4(0155.9   )5(453.6   

24
1  )5(0710.7   )6(077.2   

48
1  )6(4310.5   )7(383.5   

96
1  )7(4069.4   )8(483.1   

12
1  )8(0739.4   )9(299.3   

 
Table3: Observed maximum absolute errors for example 3. 

h Our method [10] [9] 

10
1 )(. 54665   )(. 42861   )(. 15701   

20
1 )(. 64968  )(. 57912   )(. 2477   

40
1 )(. 76538   )(. 63989   )(. 2082   

80
1 )(. 78564   - - 

 
Conclusion 
 

We approximate solution of the fifth-order linear boundary-value problems by using polynomial 
spline. The new methods enable us to approximate the solution at every point of the range of integration . 
The method is compared with that developed by et al [13],[10] and Caglar et al.[9] considering the same 
examples.Tables 1-3 shows that our methods produced better result the sense that max| ie |= 

max| ii yxy )( | is in comparison with the methods in [9,10,13]. 
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