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ABSTRACT 
 

Let G  be a metacyclic 2-group. The commutativity degree is the probability that two random elements 
commute in G , denoted as ( )P G .This concept is used to determine the abelianness of a group and there 
are three ways to find this probability. The probability can be obtained by finding the multiplication table, 
conjugacy classes and recently using centralizers. In this paper, we use the conjugacy classes as a way to 
compute our results. The concept of commutativity degree has been generalized by many authors; one of 
these generalizations is the probability that a group element fixes a set.  Thus, the main objective of this 
paper is to find the probability of an element of a group G  fixes  where is a set consisting of ( , )a b , 
where a  and b  are commuting elements in G  of size two and the group G  acts on the set of all subset 
of   by conjugation. The results that are obtained from the probability can be conducted with graph 
theory more precisely graph related to conjugacy classes. Hence, our second objective is to find the graph 
related to conjugacy class for the mentioned probability. The work in this article is done for all metacyclic 
2-groups of nilpotency class two and class at least three of negative type.  
KEYWORDS: Commutativity degree, metacyclic 2-group, graph, conjugacy classes, group action. 

 
INTRODUCTION 

 
Throughout this paper, G denotes a non-abelian metacyclic 2-group. The probability that two 

randomly selected elements commute in G  is called the commutativity degree ofG , denoted by ( )P G . 
The probability is defined as follows: 

  
2

,
( )

x y G G xy yx
P G

G

  
  

 

The above probability is less than or equal to 5/8 for finite non-abelian groups [1,2]. Gustafson [1] 
and MacHale [2] showed that this probability can be computed using conjugacy classes. Numerous 
researches have been done on the commutativity degree and many results have been achieved. 

As mentioned, this probability has been generalized by lots of researches and these generalizations 
have also been extended by many authors. A part from that, we use one of those generalizations which is 
the probability that a group element fixes a set that was firstly introduced by Omer et al. [3]. This 
probability can be obtained by calculated the conjugacy classes under some group action on a set. 

 
 In the following context, we state some basic concepts that are needed in this paper. These basic concepts 
can be found in one of the references [4, 5]. 
Definition1.1[4]A group G  is called a metacyclic if it has a cyclic normal subgroup K  such that the 

quotient group G H is also cyclic. 
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Definition1.2 [5]Let G  be a finite group. Then, G  acts on itself by if there is a functionG G G  , 
such that 

   . , , , .
.1 , .G

i gh x g hx g h x G
ii x x x G

  

  
 

 
Next, we provide some concepts related to metacyclic p-groups. Throughout this article, p denotes a prime. 
 

In 1973, King [6] gave the presentation of metacyclic p-groups, as in the following: 

   , : 1, , , , , 0, 0, , 1p p n mG a b a b a a b a where m n p p n m
             

 
However, Beuerle [7] in 2005 separated the classification into two parts, namely for the non-

abelian metacyclic p-groups of class two and classat least three. Based on [7], the metacyclic p -groups of 
nilpotency class two are then partitionedinto two families of non-isomorphic p-groups stated as follows: 

 
8.

, : 1, 1, , , , , , 2 1.p p pG a b a b a b a where and
G Q

   

      


         



�
 

 
Meanwhile, the metacyclic p-groups of nilpotency class of at least three (p is an odd prime) are 

partitioned into the following groups: 

 
 

, : 1, 1, , , , , , 1 2 .

, : 1, 1, , , , , , , 1 2 ,  
and .

p p p

p p p

G a b a b b a a where and

G a b a b b a a where

   

   

      

       

 





         

         

 

�

�  

Moreover, metacyclic p -groups are also classified into two types, namely negative and positive 
[7]. The following notations are used in this paper are represented as follows: 

   , , , , , : 1, , , ,  where , , , ,

1.

p p p tG a b a b a b a a

t p

  

 

     




        

 

�
 

. If 1t p   , then the group is called a metacyclic of negative type and it is of  positive type if 

1t p   .  Thus,  , , , ,G     is denoted by the metacyclic group of negative type, while 

 , , , ,G      is denoted by the positive type. These two notations are shortened to  ,G p  and 

 ,G p  for metacyclic p-group of positive and negative type respectively [6, 7]. 
In addition, the metacyclic 2-groups of negative type of class at least three are partitioned into 

eight families [7].The followings are some of the negative types which are considered in the scope of this 
paper: 

 12 2 2 2, : 1, , , , where 3.G a b a b a b a a
 


       

 2 2 2, : 1, 1, , , where 3G a b a b b a a


      , 

  12 2 2 2, : 1, 1, , , wher  3G a b a b b a a e
 


       , 

 2 2 2, : 1, 1, , , where 3, 1,G a b a b b a a
 

        

  12 2 2 2, : 1, 1, , , where 3, 1,G a b a b b a a
  

 
         

 12 2 2 2 2, : 1, , , , where 1, 1,G a b a b a b a a
    

   
            
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 2 2 2 2, : 1, 1, , , where 1, 1.G a b a b b a a
   

   
           

In the following context, we state some basic concepts that arerelated to graph theory. 
Definition 1.3 [8] A graph  consists of two sets vertices  V  and edges  E  together with relation of 
incidence. The directed graph is a graph whose edges are identified with ordered pair of vertices. 
Otherwise,  is called indirected. Two vertices are adjacent if they are joined by an edge. 
Definition 1.4 [9] A complete graph nK is a graph where each order pair of distinct vertices are adjacent. 

Lemma 2.4[8] If is a simple graph with 3v  and  
 

deg ,
2

V
v


  then  is Hamiltonian. 

 
This paper is structured as follows: In Section 2, we state some previous works that are related to 

the commutativity degree in particular related to the probability that a group element fixes a set. Whilst, our 
main results are introduced in Section 3, which include results on the probability mentioned in section 2 
and results on graph related to conjugacy classes are also introduced in Section 3. 
 

PRELIMINARIES 
 

In this section, some previous works that are needed in this paper are included. This section is divided into 
two parts. The first part provides some works related to the probability that a group element fixes a set or a 
subgroup element. While, the second part states some previous researches on graph theory specifically 
graph related to conjugacy classes. 
 
The Commutativity Degree 

In this part, some works that are related to the probability that an element of a group fixes a set are 
stated as follows. We start with a new conceptintroduced by Sherman [9]in 1975, namely the probability of 
an automorphism of a finite group fixes an arbitrary element in the group. 
 
Definition 2.1. [9] Let G be a group. Let X be a non-empty set of G (i.e., G is a group of permutations of 
X ). Then the probability of an automorphism of a group fixes arandom element from X is defined as 
follows: 

  , | ,
( )G

g x gx x g G x X
P X

X G

   
 . 

In 2011, Moghaddam et al. [10]explored Sherman’sdefinition and introduced a new probability 
which is called the probability of an automorphismfixes a subgroup element of a finite group. This 
probability is stated as follows: 

  , | : ,
( , ) ,

G

G
A

h h h H A
P H G

H G

  
  

where GA is the group of automorphisms of a groupG . It is obvious that when H = G , then

( , ) ( )
G GA AP G G P G .Omer et al. [3] found the probability that an element of a group fixes a set of size 

two of commuting element in G . Their results are listed in the following. 
Definition 2.2[3] Let G be a group. Let S be a set of all subsets of commuting elements of size two in G , 
where G acts on S by conjugation. Then the probability of an element of agroup fixes a set is given as 
follows: 

 
  , | ,

G

g s gS S g G s S
P S

S G

   
  
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Theorem 2.3[3] Let G  be a finite group and let X be a set of elements of G  of size twoin the form of 

 ,a b where a and b commute. Let S be the set of all subsets of commuting elements of G of size 2 and 

G  acts on S by conjugation. Then the probability that an element of a group fixesa set is given by: 

( ) ,
| |G
KP S
S

  

where K is the number of conjugacy classes of S in G . 
 

In addition, the probability that a group element fixes a set under some group action is also was 
found for some finite non-abelian 2-groups such as quasi-dihedral groups and semi-dihedral groups and 
others (for more details see [11]). 
 
Graph Related to Conjugacy Classes 

In this part, some earlier and recent publication that are related to graph related to conjugacy 
classes are stated as follows: 

In 1990, Bertram et al. [12] introduced a graph which is called a graph related to conjugacy 

classes. The vertices of this graph are non-central conjugacy classes, thus     ( )V K G z G   . 

Where ( )K G  is the number of conjugacy classes and ( )Z G presents the center of a group. In this graph, 
two vertices are adjacent if the cardinalities are not coprime. 

Moreto et al. [13], classified the finite groups that their conjugacy classes lengths are set-wise 
relatively prime for any five distinct classes. 

Recently, Bianchi et al. [14] studied the regularity of the graph related to conjugacy classes and 
provided some results. Later, Erfanian and Tolue [15] introduced a new graph which is called a conjugate 
graph. The vertices of this graph are non-central elements of a finite non-abelian group. Two vertices of 
this graph are adjacent if they are conjugate.  

Furthermore, the idea of an orbit graph came from the group action on a set . This graph was 

firstly introduced by Omer et al. [16]. The vertices of an orbit graph are  GV A   , where  can 

be disjoint union of distinct orbit under action of G  on the set , while { | , }A v vg gv g G   
. Two vertices of this graph are linked by an edge if and only if there exists g G such that 1 2,g   

where 1 2, Ω   .  
Ilangovan and Sarmin [17], found some graph properties of graph related to conjugacy classes of 

two-generator two-groups of class two. 
Most recent, Moradipour et al. [18] used the graph related to conjugacy classes to find some graph 

properties of some finite metacyclic 2-groups. 
 

RESULTS AND DISCUSSION 
 

 In this section, we provide our main results. The probability that a group element fixes a set can be 
computed by finding the conjugacy classes of  under the action. Thus, the probability is the ratio of 
conjugacy classes of  divides the order of  (the number of the elements in ). The main point of 
finding the conjugacy classes is that to associate our results with graph theory more specific with the graph 
related to conjugacy classes. Thus, the first part of this section concentrates on finding theprobability that 
an element of a group fixes a set, while the second part provides the graph for the first part. 
 
The probability that group element fixes a set. 
We start finding this probability for metacyclic 2-groups of negative type of nilpotency class of at least 
three. 
Theorem 3.1 Let G  be a metacyclic 2-group of negative type of nilpotency class of at least three,

 12 2 2 2, : , , , 3.G a b a b a b a a
 


      Let S be a set of elements of G  of size two in the 
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form of  ,a b where a and b commute. Let  be the set of all subsets of commuting elements of G  of 

size two and G  acts on     by conjugation. Then   3
| |GP  


. 

 

Proof. If G acts on  by conjugation, then there exists :G  such that

  1, ,g g g g G      . The elements of order two in G are
2
2a


, b , and
2
8

i
a b



, where i is 

odd, 0 2i   . Thus, the elements of  are stated as follows: there is only one element in the form 
2
21,a
 

  
 

, four elements are in the form
3

2
22 , ia a b



 
  
 

, where i is odd and 0 2i    and four 

elements are in the form  321, ia b


 where i is odd and 0 2i   . From which it follows that 9  . 

If G acts on  by conjugation, then   1, Ω,cl g g g G     . The conjugacy classes can be 
described as follows: 

One conjugacy class of   321, ,0 2 ,ia b i i
 

  is odd, one conjugacy class in the form 

3
2

22 , ,0 2 ,ia a b i i


           
is odd and one conjugacy class in the form 

2
21,a
 

  
 

. Therefore, we 

have three conjugacy classes.  Using Theorem 2.3 in [3], thus the probability that an element of a group 

fixes a set  GP   is   3
ΩGP    

 
Theorem 3.2 Let G be a metacyclic 2-group of negative type of nilpotency class of at least three, 

 2 2 2, : 1, , , 3.G a b a b b a a


       Let S be a set of elements of G of size two in the formof 

 ,a b
where a and b commute. Let be the set of all subsets of commuting elements of G of size two 

and G acts on by conjugation. Then   5
ΩGP   . 

 
Proof. If G acts on by conjugation, then there exists :G  such that

  1, ,g g g g G      . The elements of order two in G are 
2
2a


and

12
2

i
a b



, where

0 2i   .Hence, the elements of are described as follows: there is one element in the form
2
21,a
 

  
 

, 

four elements are in the form
2 2
2 4,

i
a a b

  
  
 

, 0 2i   , and four elements are in the form 
2
41,

i
a b

 
  
 

,

0 2i   . From which it follows that 9  . If G acts on by conjugation, then

  1, ,g g g g G      . The conjugacy classes are described as follows: 
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2
41, ,0 2 ,  is even

i
a ib i




  

   
 


 
  

,
2
41, ,0 2 ,  is odd,

i
a ib i




  

   
 


 
  

2 2
2 4, , 2 ,0 ,

i
a a b i i

 


  
 
 

 
  




 
is even, 

2 2
2 4, ,0 ,2

i
a a b i i

 


  
 
 

 
   

 
is odd,

2
21,a
 

  
 

. Thus, there 

are five conjugacy classes when G  acts on . According to Theorem 3.1 in [3], then the probability that 

an element of a group fixes a set is   5
ΩGP   .    

Theorem 3.3 Let G be a metacyclic 2-group of negative type of nilpotency class of at least three,

  12 2 2 2, : 1, , , 3.G a b a b b a a
 


       Let S be a set of elements of G of size two in the 

form of  ,a b where a  and b  commute. Let  be the set of all subsets of commuting elements of G of 

size two and G acts on    by conjugation. Then   5 .
|Ω |GP    

Proof: The proof is similar to the previous theorem.    
 
Theorem 3.4 Let G be a metacyclic 2-group of negative type of nilpotency class of at least three,

 2 2 2, : 1, 1, , ,  3, 1.G a b a b b a a where
 

        Let S be a set of elements of G of size 

two in the form of  ,a b
where a  and b commute. Let  be the set of all subsets of commuting elements 

of G of size two and G acts on    by conjugation. Then   1.GP    
 
Proof. If G acts on by conjugation, then there exists :G  such that

  1, ,g g g g G      . The elements of size two in  are in the form  
2 2
2 2,Z G a b
  

  
 

. 

Thus, we have two elements in the form
2 2
2 21,a b
  

  
 

, two elements are in the form
2 2 2
2 2 2,a a b
   

  
 

, one 

element is in the form 
2 2

2 2 2,b a b
 

 
  
 

 and one element is in the form
2
21,a
 

  
 

. Thus, 6  . If G acts 

on  by conjugation, then   1, ,g g g g G      . Since we have six different types of 

elements in , therefore the number of conjugacy classes is the sameas  . Using Theorem 3.1 in [3], 

thus    1.GP    
 
Theorem 3.5 Let G be a metacyclic 2-group of negative type of nilpotency class of at least three,

  12 2 2 2, : 1, 1, , ,  3, 1.G a b a b b a a where
  

 
         Let S be a set of elements of G of 

size two in the form of  ,a b where a and b  commute. Let  be the set of all subsets of commuting 

elements of G of size two and G acts on    by conjugation. Then   1.GP    
Proof: The proof is similar to the previous theorem.    
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Theorem 3.6 Let G be a metacyclic 2-group of negative type of nilpotency class of at least three,

 12 2 2 2 2, : 1, , , ,  1, 1.G a b a b a b a a where
    

   
           Let S be a set of 

elements of G of size two in the form of  ,a b  where a and b  commute. Let  be the set of all subsets 

of commuting elements of G of size two and G acts on  by conjugation. Then   1.GP    
Proof: The proof is similar to that of Theorem 3.4    
 
Theorem 3.7 Let G be a metacyclic 2-group of negative type of nilpotency class of at least three,

 2 2 2 2, : 1, 1, , ,  1, 1.G a b a b b a a where
   

   
          Let S be a set of elements 

of G of size two in the form of  ,a b where a  and b commute. Let  be the set of all subsets of 

commuting elements of G of size two and G acts on  by conjugation. Then   1.GP    
Proof: The proof is similar to that of Theorem 3.4    
 
In the following, we find the probability that an element of G fixes a set of metacyclic 2-group of 
nilpotency class two. 
 
Theorem 3.8 Let G be a metacyclic 2-group of nilpotency class two, 

 , : 1, 1, , , where , , , 2 and 1.p p pG a b a b a b a
   

      


        N LetS be a 

set of elements of G of size two in the form of  ,a b where a  and b commute. Let  be the set of all 

subsets of commuting elements of G of size two and G acts on  by conjugation. Then  

 
5 , 1, 3,

|Ω |
1, 1, 1, 3.

G

if

i
P

f

  

  

    
   

  

Proof. If G acts on by conjugation, then there exists :G  such that

  1, ,g g g g G      . If 1   , then the elements of order two in G are allb ’s 

elements and
2
2a


. Therefore, the elements of  can be expressed as follows: there are four elements are in 

the form  1, ,0 2ia b i   , four elements are in the form 
2
2 , , 0 2ia a b i



 
   
 

and one element is 

in the form
2
21,a
 

  
 

. Form which itfollows 9  . Thus when G acts on  by conjugation, then

 1,( ,) g g g Gcl      . Hence,  

1

( 1) ( 1)

 , ( ) ,

 , ( ) .
i i j j j

i g i i i

i j a b i i b i i

if g a then a a a

if g a b then a a a

  

  

 

    

  

  





 

 
Thereupon, the conjugacy classes in  are listed as follows: 
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    
    

2 2
2 2

2 2
2 2

2
2

1, , 1, , if  is even,

1, , 1, , if  is odd,

, , , , if  is even,

, , , , if  is odd,

1, , 0 2 .

i i

i i

i i

i i

a b a b i

a b a b i

a a b a a b i

a a b a a b i

a i

 

 













     
            
     
            
           

 

Thus, we have five conjugacy classes. According to [11], then the probability that a group element fixes a 

set is   5
|Ω |GP   . In the case that 1, 3     , the proof then follows from that of Theorem 3.4.

 
 
Theorem 3.9 Let G be a metacyclic 2-group of nilpotency class two,

 4 2 2, : 1, ,G a b a b b a a      , namely 8Q . LetS be a set of elements of G of size two in the 

form of  ,a b where a and b commute. Let  be the set of all subsets of commuting elements of G of 

size two and G acts on  by conjugation. Then   1.GP    
 
Proof: If G acts on by conjugation, then there exists :G  such that

  1, ,g g g g G      .The only element in  of size two is  21,a , thus when G acts on 

 by conjugation, we have only one conjugacy class. Using [3], the proof then follows.    
 
Graph related to conjugacy classes. 
In this part, we provide the graph related to conjugacy classes for the previous section, starting with graph 
related to conjugacy classes of  metacyclic 2-groups of negative type of nilpotency class at least three. 
 
Theorem 3.10 Let G be a metacyclic 2-group of negative type of nilpotency class at least three,

 12 2 2 2, : , , , 3.G a b a b a b a a
 


      Let S S be a set of elements of G of size two in the 

form of  ,a b where a and b commute. Let  be the set of all subsets of commuting elements of G of 

size two and G  acts on  by conjugation. Then Ω
2ΓG K . 

 
Proof: According to [12],    | | ,G GV K A      and based on Theorem 3.1, we have three conjugacy 

classes. Thus  | | 3 1.GV    According to [8], ( ) | ( ) | 1Gdeg v V    , thus (v)  1deg  . 

According to [8], the degree of the graph    
 

 
1

,deg deg 2 .
GV

G G i G
i

v E


  



     Therefore, 
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 
2

1
2 | ( ) | .1G

i
Gd E



   Thus, | ( ) | 1.GE   Form which it follows that, 2 G K  .  

Thus the graph has the following shape, namely 2K  

 
K2 

As the above graph, we see that two vertices (i.e conjugacy classes) namely  321, ia b


 and

3
2

22 , ia a b


 
  
 

are adjacent by an edge. The proof then follows.  

 

Corollary 3.11 If G a metacyclic 2-group of negative type of nilpotency class of at least three,

 12 2 2 2, : , , , 3.G a b a b a b a a
 


      Let S be a set of elements of G of size two in the 

form of  ,a b where a and b commute. Let  be the set of all subsets of commuting elements of G of 

size two. If G  acts on   by conjugation and 2 ,G K  then the graph is connected and Hamiltonian. 
 

Proof: The graph is connected since we have only one complete component of 2K , and based on Lemma 
1.3, the graph is Hamiltonian.    
 
Theorem 3.12 Let G be a metacyclic 2-group of negative type of nilpotency class of at least three,

 2 2 2, : 1, , , 3.G a b a b b a a


       Let S be a set of elements of G of size two in the form of 

 ,a b where a and b commute. Let  be the set of all subsets of commuting elements of G of size two 

and G acts on  by conjugation. Then Ω 4Γ K . 
 

Proof: According to [12],    | |G GV K A     , and based on Theorem 3.2, we have five conjugacy 

classes. Thus,  | | 5 1GV    .According to [8], ( ) | ( ) | 1Gdeg v V    , thus (v)  3deg  . 

According to [8], the degree of the graph G
  is  

   
 

 
1

deg 2 .
GV

G i G
i

d v E


 



     Therefore, 

 
4

1
2 | ( ) | .3G

i
Gd E



    

Thus, | ( ) | 6.GE   Form which that follows 4  K  . Therefore, the graph shape is drawn as follows: 

 
K4 

Thus, the four vertices (i.e non-central conjugacy classes) all are linked by edges. The proof then follows.  
 

377 



Omer et al.,2013 

 
Proposition 3.13Let G be a metacyclic 2-group of nilpotency class of at least three,

  12 2 2 2, : 1, , , 3.G a b a b b a a
 


       Let S be a set of elements of G of size two in the 

form of  ,a b where a  and b commute. Let  be the set of all subsets of commuting elements of G of 

size two. If G  acts on by conjugation and 4K  , then the graph connected and Hamiltonian. 
 

Proof: The graph is connected since we have only one complete graph of 4K . In accordance with Lemma 
1.3, the graph is Hamiltonian.    
 
Theorem 3.14 Let G be a metacyclic 2-group of negative type of nilpotency class of at least three,

  12 2 2 2, : 1, , , 3.G a b a b b a a
 


       Let S be a set of elements of G of size two in the 

form of  ,a b  where a and b commute. Let  be the set of all subsets of commuting elements of G of 

size two and G acts on  by conjugation. Then Ω 4Γ K . 
Proof: The proof is similar to that of Theorem 3.12.    
 
Theorem 3.15 Let G be a metacyclic 2-group of negative type of nilpotency class of at least three,

 2 2 2, : 1, , , 3, 1.G a b a b b a a
 

        Let S be a set of elements of G of size two in 

the form of  ,a b where a  and b commute. Let  be the set of all subsets of commuting elements of G

of size two and G acts on   by conjugation. Then  is an empty graph. 
 
Proof: Based on Theorem 3.4, there are six conjugacy classes and referring to [12], 

   | |G GV K A     . Since all elements in G commute with all elements in , thus the graph is an 

empty graph. This theorem works only when  2.   
 
Theorem 3.16 Let G be a metacyclic 2-group of negative type of nilpotency class of at least three,

  12 2 2 2, : 1, 1, , ,  3, 1.G a b a b b a a where
  

 
        Let S be a set of elements of G of 

size two in the form of  ,a b where a and b commute. Let  be the set of all subsets of commuting 

elements of G of size two and G acts on    by conjugation. Then  is an empty graph. 
Proof: The proof is similar to the previous theorem.    
 
Theorem 3.17 Let G be a metacyclic 2-group of negative type of nilpotency class of at least three,

 12 2 2 2 2, : 1, , , ,  1, 1.G a b a b a b a a where
    

   
            Let S be a set of 

elements of G of size two in the form of  ,a b where a and b commute. Let  be the set of all subsets of 

commuting elements of G of size two and G  acts on   by conjugation. Then  is an empty graph. 
Proof: The proof is similar to that of Theorem 3.16.    
 
Theorem 3.18 Let G be a metacyclic 2-group of negative type of nilpotency class of at least three,

 2 2 2 2, : 1, 1, , ,  1, 1G a b a b b a a where
   

   
          .Let S be a set of elements 

of G of size two in the form of  ,a b where a and b commute. Let be the set of all subsets of 

commuting elements of G of size two and G acts on  by conjugation. Then  is an empty graph. 
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Proof: The proof is similar to that of Theorem 3.14.    
 

The graph related to conjugacy classes for metacyclic 2-groups of nilpotency class two when the group acts 
on a set is given as follows: 
 
Theorem 3.19 Let G be a metacyclic 2-group of nilpotency class two,

 2 2 2, : 1, , , 3G a b a b b a a
 

      . Let S be a set of elements of G of size two in the form 

of  ,a b where a  and b  commute. Let  be the set of all subsets of commuting elements of G of size 

two and G acts on  by conjugation. Then Ω 4Γ K . 
Proof: The proof is similar to that of Theorem 3.10.    
 
Theorem 3.20Let G be a metacyclic 2-group of nilpotency class two,

 2 2 2, : 1, , , 3,G a b a b b a a
 

       namely 8Q . Let S be a set of elements of G of size two 

in the form of  ,a b where a  and b commute. Let  be the set of all subsets of commuting elements of 

G of size two and G acts on     by conjugation. Then   is an empty graph. 
Proof: According to Theorem 3.9, we only have one conjugacy class, thus the graph is an empty graph.    
 

CONCLUSION 
 

In this paper, the probability that a group elementfixes a set of size two for some finite non-abelian 
metacyclic 2-groups was found. As consequence of obtained results, we conclude that the probability that 
an element of metacyclic 2-group of nilpotency of class two and at least three is less than or equal to one. 
The results that were obtained in the first part of Section three were associated to the graph related to 
conjugacy classes, where we found that all graphs are Hamiltonian graphs. In addition, the graph related to 
conjugacy classes is a complete graph. This work can be extended by finding the probability that an 
element of a group fixes a set under some other group actions such as regular, transitive or faithful action. 
Thus the results obtained can also be associated to graph theory and many graph properties can be found. 
 
Acknowledgment 

The first author would like to acknowledge Universiti Teknologi Malaysia, Johor Bahru, Malaysia 
for her International Doctoral Fellowship (IDF). 
 

REFERENCES 
 

1. W. H. Gustafson, What is the probability that two group elements commute?, The American 
Mathematical Monthly.,vol. 80, no. 9, pp. 1031–1034. 1973. 

2. D. MacHale, How commutative can a non-commutative group be?, The Mathematical Gazette.,vol. 58,  
no. 405, pp. 199–202. 1974. 

3. Omer, S. M. S., N. H. Sarmin,  A. Erfanian and K. Moradipour,The probability that an element of a 
group fixes a set and the group act on set by conjugation, International Journal of Applied Mathematics 
and Statistics., vol. 32, no. 2, pp. 111–117. 2013. 

4.C. Reis,Abstract Algebra: An Introduction to Groups, Rings and Fields, World Scientific. 2011. 

5. W. K. Nicholson, Introduction to Abstract Algebra, 4th ed, Wiley & sons. Inc. 2011.  

6. B. W. King, Presentation of metacyclic groups. Bull Aust Math Soc., vol. 8, no. 1, pp. 103–131. 1973. 

7. J. R. Beuerle, An elementary classification of finite metacyclic p-groups of class at least three. Algebra 
Colloq., vol. 12, no. 4, pp. 553–562. 2005. 

8.  J. Bondy and G. Murty, Graph Theory with Application. 5th ed. Boston New York: North Holand. 1982.  

379 



Omer et al.,2013 

 
9. P. C. Biswal,Discrete Mathematics and Graph Theory. 3rded. PHI Learning Private Limited, New Delhi.  

2012. 

10. G. Sherman, What is the probability an automorphsim fixes a group element?, The American 
Mathematical Monthly.,vol.  82, no. 3, pp. 261–264. 1975. 

11. M. R. Moghaddam, F. Saeedi  and E. Khamseh, The probability of an automorphism fixing a subgroup 
element of a finite group, Asian-European Journal of Mathematics., vol. 4, no. 2, pp. 301–308. 2011. 

12. S. M. S. Omer, N. H. Sarmin,  A. Erfanian and K. Moradipour,The Probability That an Element of a 
Group Fixes a Set of Size Two for Some Finite 2-groups. 4thInternational Graduate Conference on 
Engineering Science & Humanity, 2013, pp. 998-1000. 

13. E. A. Bertram, M. Herzog and A, Mann, On a graph related to conjugacy classes of groups. Bull. 
London Math. Soc., vol. 22, pp. 569–575. 1990. 

14. A. Moreto, G. Qian and W. Shi, Finite Groups Whose Conjugacy Class Graphs Have Few Vertices. 
Arch. Math. Vol. 85, pp. 101-107. 2005. 

15. M. Bianchi, M, Herzog. E, Pacifici and G, Saffirio, On the regularity of a graph related to conjugacy 
classes of groups. European Journal of Combinatorics., vol. 33, no. 7, pp.1402–1407. 2012. 

16. A. Erfanian and B, Tolue, Conjugate graphs of finite groups. Discrete Mathematics, Algorithms and 
Applications., vol.  4, no. 2, pp. 35–43. 2012. 

17. S. Ilangovan and H. N. Sarmin, On Graphs Related to Conjugacy Classes of Some Two-groups. AIP 
Conf. Proc. 1522, pp. 872-874. 2012. 

18. K. Moradipour, N. H. Sarmin and and A. Erfanian, On Graph Associated to Conjugacy Classes of 
Some Metacyclic 2-Groups. Journal of Basic and Applied Scientific Research., vol. 3, no. 1, pp. 898-
902.2013. 

 

 

380 


