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ABSTRACT 

 

One of the important concepts in physics and mathematics is entropy. The present paper deals with the theory of 

entropy using the Loomis-Sikorski representation of σ −MV -algebras. In this paper the conditional entropy of a 

finite partition ξ   given 𝑁 by use of conditional expectation on σ −MV-algebras when 𝑁 is an arbitrary 

sub− σ −MV -algebra of the σ −MV –algebra 𝑀  is defined. It is shown that the mean entropy of an MV-

dynamical system is affine. Also the concept of a subsystem of an MV-dynamical system is introduced and the 

relation between their entropies is investigated. 

KEYWORDS: σ −MV –algebra; Loomis-Sikorski theorem; Tribe; State; Partition; Entropy; Entropic distance. 

 

INTRODUCTION 

 

The concept of entropy originated in the physical and engineering sciences, but now plays a ubiquitous role 

in all areas of science. The term entropy was first used by the German physicist Rudolf Clausius in 1865 to denote 

a thermodynamic function, he introduced in 1854 which increase with time in all spontaneous natural processes. 

It is very often refered to as the degree of disorder or complexity of a dynamical system. Entropy in information 

theory was introduced by Claude Shannon [23] in 1948. In information theory, entropy is a measure of the 

uncertainty associated with a random variable. In 1958 Kolmogorov [11] introduced the concept of measure-

theoretic entropy to ergodic theory. Kolmogorov's definition was improved by Sinai in 1959 [24]. The importance 

of entropy arises from its invariance under isomorphism. Therefore, systems with different entropies cannot be 

isomorphic. If one substitutes in the definition of entropy, the notion of a set partition by the notion of fuzzy 

partition, a larger class of invariants can be obtained [4, 5, 13]. A natural generalization of a tribe of functions is 

an MV-algebra. MV-algebras were introduced by Chang [2] in 1958, as the algebraic counterpart of propositional 

Lukasiewicz logic. At the same time their theory evolved in deep connection with the theory of lattice-ordered 

Abelian groups. The notion of a state (probability) on an MV-algebra was investigated by Mundici in [15]. In [8, 

12] the conditional probability on MV-algebras is defined in a way that mimicks the classical (Boolean) approach 

of conditioning "an event by an event" or "an event by a subalgebra". On the MV- algebras with product there has 

been realized the construction of entropy in [18]. Also in 2003 Riecan [22] introduced the entropy of a dynamical 

system on an arbitrary MV-algebra. The aim of this paper is to define the conditional entropy of a finite partition 

given 𝑁 by use of conditional expectation on σ −MV -algebras when 𝑁 is an arbitrary sub- σ −MV -algebra of 

the σ −MV –algebra 𝑀. The paper is structured as follows. Basic notions and results are summarized in section 

2, entropy of a finite partition and dynamical system is briefly in sections 3, 4, respectively. Section 5 contains 

the concept of subsystem of a σ −MV -dynamical system and the relation between their entropies. 

 

Preliminaries 

In this section we recall the basic notions on MV-algebras and probability theory on MV- algebras. See [7, 

20] for further results on MV-algebras and [17, 21] for an exposition of probability        

on MV-algebras.  An MV - algebra     M = (M, 0,,) is an algebra where  ⊕ is an associative and 

commutative binary operation on 𝑀 having 0 as the neutral element, a unary operation  ⊥ is involutive with  

𝑎  ⨁0⊥ =   0⊥ for all 𝑎  ∈ M, and moreover the identity 

a(ab) = b(ba); 
is satisfied for all a, b ∈  M. 

An additional constant 1 and two binary operation ⊙ is defined as follows 

1 = 0⊥, a⨀b = (a⊥ ⊕ b⊥)⊥ 

A partial order is defined on 𝑀 by a ≤ b iff a ⊥ ⨁b = 1. Two elements 𝑎, 𝑏 in 𝑀 are called orthogonal (denoted 

as𝑎 ⊥  𝑏) if a ≤ 𝑏⊥. 
A sub-MV-algebra of M is a subset 𝑁 of 𝑀 containing the neutral element 0 of 𝑀, closed under the operations of 

M and endowed with the restriction of these operations to N. 
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We also recall that an ideal of an MV -algebra M is a subset 𝐼 of 𝑀 such that 0  ∈ 𝐼, 𝑎 ⨁𝑏 ∈  𝐼 whenever 𝑎, 𝑏 ∈
 𝐼 and 𝑎 ≤  𝑏 with 𝑏 ∈  𝐼 implies𝑎 ∈  𝐼. An ideal 𝐼 of 𝑀 is called maximal if the only ideal strictly containing 𝐼 

is the improper ideal𝑀. Let 𝐼(𝑀) and  𝑀(𝑀) denote the set of all ideals and the set of all maximal ideals of𝑀, 

respectively. The space of all maximal ideals 𝑀(𝑀) is nonempty, and endowed with the so-called spectral 

topology formed by the sets of the form  OJ = {Kϵ𝑀(𝑀), JK} for all 𝐽 ∈  𝐼(𝑀), it becomes a compact Hausdorff 

space. 

The following fact (a generalization of the Loomis-Sikorski theorem for σ_  MV -algebras) were proved in [6, 8, 

14]. 

 

Theorem 2.1. Let 𝑀 be a  σ −MV -algebra and 𝑀(𝑀) be the maximal ideal space of 𝑀 equipped with the spectral 

topology. Then there exists a tribe M*  over 𝑀(𝑀) and a σ -homomorphism  𝜂   of  M* onto M. ∎ 

A state 𝑚  on a  σ −complete MV-algebra 𝑀 is a mapping 𝑚 ∶  𝑀   → [0;  1] such that for all 

a, b, 𝑎𝑛  ∈  M : 

(i)m(1) = 1 

(ii)a⨀  b=0⟹m(ab)=m(a)+m(b) 

(iii)an ↗   a ⟹ m(an)  ↗  m(a) 

The notation "𝑎𝑛  ↗  𝑎" stands for 𝑎𝑛 is a no decreasing sequence [8]. The state 

𝑚 is faithful if 𝑚 (𝑎)  =  0 implies 𝑎 =  0 for any 𝑎 ∈ 𝑀. We refer to [15] for basic notions and results regarding 

states. 

 

Entropy of a finite partition 

A finite subset ξ = {a1, a2, … . , an}    of elements of a σ_MV-algebra M is said to be ⨁-orthogonal if and only if 

 

i=1
k 𝑎𝑖ak+1            for  k = 1,2, … , n − 1. 

 

Lemma 3.1. For any ⨁- orthogonal subset  ξ = {a1, a2, … . , an}   and any state 𝑚 of 𝑀, it holds that 

m(i=1
k 𝑎𝑖) = ∑ m(𝑎𝑖).

n

i=1

 

Proof: See [20].  

 

Definition 3.2. A finite collection  ξ = {a1, a2, … . , an}  of elements of 𝑀 is siad to be a partition of 𝑀 if and only 

if: 

(i)  𝜉 is   ⨁ − orthogonal subset; 

(ii)i=1
k 𝑎𝑖 = 1. 

 

Lemma 3.3. Let ξ = {a1, a2, … . , an}  be a  partition of  𝑀, 𝑏 ∈  𝑀. Then        

𝑚(𝑏) = ∑ 𝑚(𝑏 ⨀ 𝑎𝑖).

𝑛

𝑖=1

 

Proof: We first show that   {𝑏⨀𝑎1, 𝑏⨀𝑎2, … , 𝑏⨀𝑎𝑛}   is a ⨁ − orthogonal subset. Set   𝑐𝑖 = 𝑏⨀𝑎𝑖 ;𝑖 = 1,2, . . 𝑛.  
We need to prove that 

𝑐1 ⊥ 𝑐2, 𝑐1𝑐2 ⊥ 𝑐3, … , 𝑐1𝑐2… .𝑐𝑛−1 ⊥ 𝑐𝑛 

from the⨁ - orthogonally of the collection 𝜉 we have  𝑎1 ≤ 𝑎2
⊥ .  Using the monotonicity of operations ⊕ 𝑎𝑛𝑑 ⨀, 

we obtain   
𝑏⨀𝑎1 ≤ 𝑎1 ≤ 𝑎2

⊥ ≤ 𝑏⊥ ⨁ 𝑎2
⊥ = (𝑏⨀𝑎2)⊥.       

Hence  𝑐1 ⊥ 𝑐2  . Similarly we can prove that  𝑐1  ⨁𝑐2 ⊥  𝑐3, which is equivalent to (b⊙a1) ⨁(b⊙a2) ≤
(𝑏 ⊙  𝑎3)⊥. According to that (𝑏 ⊙  𝑎3)⊥ =  𝑏⊥ ⨁ 𝑎3

⊥ 𝑎𝑛𝑑  𝑎1 ⊕   𝑎2 ≤ 𝑎3
⊥ (𝜉𝑖𝑠 ⨁ − 𝑜𝑟𝑡ℎ𝑜𝑔𝑜𝑛𝑎𝑙), we can 

write  

(b⊙a1) ⨁(b⊙a2) ≤ 𝑎1  ⨁ 𝑎2 ≤   𝑎3
⊥  ≤  𝑏⊥ + 𝑎3

⊥ = (𝑏 ⊙  𝑎3)⊥ 

So 𝑐1⨁ 𝑐2 ⊥ 𝑐3. And similarly 𝑐1⨁𝑐2 ⨁ … ⨁𝑐𝑖−1  ⊥ 𝑐𝑖 for i = 4, …, n. 

Secondly, for the ⨁-orthogonal collection  𝜉, from Lemma 3.1 and definition of a state, we have 

∑ 𝑚(𝑏 ⨀ 𝑎𝑖)

𝑛

𝑖=1

= 𝑚(𝑖=1
𝑛 (𝑏 ⨀ 𝑎𝑖)). ∎ 

Suppose  𝜉 = {𝑎1, … 𝑎𝑛} 𝑎𝑛𝑑 𝜂 = {𝑏1, … 𝑏𝑝} are two finite partitions of 𝜎_ MV-algebra M. 

Then we define  𝜉 <  𝜂  (i.e  𝜂is a refinement of  𝜂) if there exists a partition  {I(1),..I(n)}  of the set  {1,...,p}  such 

that 

𝑎𝑖 =  𝑗∈𝐼(𝑖)𝑏𝑗          𝑖 = 1, … 𝑛. 
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Note that if  𝜉 =   {𝑎1, … 𝑎𝑛}   𝑎𝑛𝑑 𝜂 = {𝑐1, … 𝑐𝑝}  are two finite partitions of 𝑀, their join is  

 𝜉∇𝜂 = {𝑎𝑖⨀ 𝑐𝑗; 𝑎𝑖 ∈ 𝜉, 𝑐𝑗 ∈ 𝜂}. 

We recall that if  𝜉 is a finite partition of M with   𝜉 = {𝑎1, … 𝑎𝑛},   then the entropy of  𝜉is 

the number 

𝐻( 𝜉) = − ∑ m(a_i)

𝑛

𝑖=1

𝑙𝑜𝑔(𝑎𝑖) 

Note that a non-negative real number 𝑚(𝑎|𝑏) is a conditional state of a given b if 𝑚(𝑎|𝑏) is any 

𝑚(𝑏)𝑚(𝑎|𝑏)= 𝑚(𝑎 ⊙ 𝑏) . 

Now let 𝜉, 𝜂 be finite partitions of M, and  𝜉 = {𝑎1, 𝑎2, … 𝑎3}, 𝜂 = {𝑐1, 𝑐2, … 𝑐𝑝}.  

The entropy of 𝜉  given 𝜂 is the number 

𝐻(𝜉 |𝜂) = − ∑ 𝑚(𝑐𝑗)

𝑝

𝑗=1

∑ 𝑚 ((𝑎𝑖)|𝑐𝑗)

𝑛

𝑖=1

log 𝑚(𝑎𝑖|𝑐𝑗) = − ∑ 𝑚

𝑖,𝑗

(𝑎𝑖 ⊙ 𝑐𝑗)𝑙𝑜𝑔
𝑚(𝑎𝑖 ⊙ 𝑐𝑗)

𝑚(𝑐𝑗)
 

Remark 3.4. Let 𝜉;  𝜂 and  𝜁 be  finite partitions of M. Then 

 (𝑖)𝐻(𝜉 |𝜂) ≥ 0 

(𝑖𝑖)𝐻(𝜉  ∇𝜂) = 𝐻 (𝜉) + 𝐻(𝜂 | 𝜉 ); 
 (𝑖𝑖𝑖)𝐻(𝜉) ≤ 𝐻(𝜉  ∇𝜂); 

(iv) 𝐻(𝜉 | 𝜂∇𝜁) ≤ 𝐻 (𝜉|𝜂). 
Definition 3.5. ( [8]) An MV-conditional expectation in a state m, of a (𝑎 ∈  𝑀) given N is a 

𝛽(𝑁 ∗) −measurable function 𝐸(𝑎|𝑁) ∶  𝑀(𝑀)   ⟶ [0;  1] such that the following holds true for any 𝑏 ∈ 𝑁  

∫ 𝐸(𝑎|𝑁)(𝑤)𝑑𝑃∗
𝑏∗

𝑀(𝑀)

 (𝑤) = ∫ 𝑎∗𝑑
𝑀(𝑀)

𝑃∗
𝑏∗(𝑤). 

Definition 3.6. Let M be a 𝜎_ MV-algebra. If  𝜉 is a finite partition of M with   𝜉 = {𝑎1, … 𝑎𝑛} and N is an arbitrary 

sub-𝜎_MV-algebra of M the entropy of  𝜉 given N is the number 

𝐻(𝜉|𝑁) = − ∫ ∑ 𝐸(𝑎𝑖|𝑁) log 𝐸(𝑎𝑖|𝑁) 𝑑𝑃∗.

𝑛

𝑖=1𝑀(𝑀)

 

Remark 3.7. 

(i) Since 𝐸(𝑎𝑖|𝑁) is positive linear operator and we have 0 ≤ 𝐸(𝑎𝑖| 𝑁) ≤ 1 𝑃∗ − 𝑎. 𝑒. , 𝑎𝑛𝑑   
therefore 

− ∑ 𝐸(𝑎𝑖|𝑁) log 𝐸(𝑎𝑖|𝑁)(𝑤) ≤ 𝑛 𝑚𝑎𝑥𝑡∈[0,1](−𝑡 log 𝑡) = 𝑛 𝑒.

𝑛

𝑖=1

 

Hence 𝐻(𝜉|𝑁)  is finite. 

(ii). If  𝑁 = {0,1} then 𝐻(𝜉|𝑁) = 𝐻(𝜉). Since 𝑁∗ = {0,1} and the only maximal ideal of 𝑁 is {0}. A version of 

conditional expectation 𝐸(𝑎 | 𝑁) is 𝑃∗-a.e equal to 𝑚(𝑎). Indeed if 𝐵 ∈ β(𝑁∗) = {∅, {0}} , then 𝑃∗(𝐵) ∈ {0,1} 

and 

∫ 𝑚(𝑎)𝑑𝑃∗

𝐵

= 𝑚(𝑎)𝑝∗(𝐵) = 𝑚(𝑎)𝑚∗(𝑋𝐵) = 𝑚(𝑎)𝑚(𝑋𝐵) = ∫ 𝐸(𝑎|𝑁)𝑑𝑃𝐵
∗

𝑀(𝑀)

= ∫ 𝐸(𝑎|𝑁)𝑑𝑃∗.
𝐵

 

Where 𝑋𝐵   is the characteristic function of 𝐵. 
If M is a 𝜎-MV-algebra, for any a,b ∈ M we set 

 

𝑎∆𝑏 = (𝑎 ⊙  𝑏)(𝑏 ⊙  𝑎). 
Definition 3.8. If 𝑁, 𝐶  are (not necessarily  finite) subsets of 𝑀 where 𝑀 is a 𝜎_ MV-algebra 

and m is a state on M. We write 𝑁 ≤𝑚 𝐶if for every 𝑎  ∈  𝑁 ther exists 𝑐  ∈  𝐶 with  

𝑚(𝑎∆𝑐) = 0 

Theorem 3.9. Suppose that 𝜉 be a finite partition of 𝜎-MV-algebra M and N be an arbitrary sub- 𝜎-MV-algebra 

of  M. Then  

(𝑖)𝐻(𝜉|𝑁) = 0 𝑖𝑓𝑓 𝜉 ≤𝑚 𝑁. 
(𝑖𝑖)𝐻(𝜉|𝑁) = 𝐻(𝜉 ) 𝑖𝑓𝑓 𝜉, N are independent. 

Proof: Let 𝜉 = {𝑎1, 𝑎2, … . , 𝑎𝑛}.  
(i).If 𝜉 ≤𝑚 𝑁 then 𝐸(𝑎𝑖|𝑁)(𝑤)takes only the values 0,1 so  𝐻(𝜉|𝑁) = 0. Conversely, if 0 = 𝐻(𝜉|𝑁) =

− ∫ ∑ 𝐸(𝑎𝑖|𝑁) log 𝐸(𝑎𝑖|𝑁)𝑑𝑃∗𝑛
𝑖=1𝑀(𝑀)

  

Then since −𝐸(𝑎𝑖|𝑁)(𝑤) log 𝐸(𝑎𝑖|𝑁)(𝑤) ≥ 0. We have for each  𝑖, 𝐸(𝑎𝑖|𝑁) takes only values 0, 1 therefore 

𝜉 ≤𝑚 𝑁.  
(ii). Suppose 𝐻(𝜉|𝑁) = 𝐻(𝜉 ) 

Let 𝑏 ∈ 𝑁 and D be the finite sub- 𝜎-MV-algebra of  M consisting of the elements {0, 𝑏, 𝑏⊥, 1}. Then    
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𝐻(𝜉) ≥ 𝐻(𝜉|𝐷) ≥ 𝐻(𝜉|𝑁) = 𝐻(𝜉). 
Hence 𝐻(𝜉) ≥ 𝐻(𝜉|𝐷)  so m(a ⊙ b) = m(a)m(b) for all  𝑎𝜖𝜉, by Theorem 3-8, therefore 𝜉, 𝑁 are independent. 

Conversely, If 𝜉, 𝑁 are independent then for each  𝑎𝜖𝜉, 𝐸(𝑎|𝑁) = 𝑚(𝑎).(because 

∫ 𝐸(𝑎|𝑁)𝑑 𝑃∗ = ∫ 𝐸(𝑎|𝑁)𝑑𝑃𝐵
∗

𝑀(𝑀)𝐵

= 𝑚(𝑎 ⊙  𝜂 (𝑋𝐵)) =  𝑚(𝑎)𝑚( 𝜂 (𝑋𝐵)) = 𝑚(𝑎)𝑚(𝑏) 

 

for 𝐵 ∈ 𝛽(𝑁∗)and note if 𝐵 ∈ 𝛽(𝑁∗)then  𝜂(𝑋𝐵) = 𝑏 ∈ 𝛽(𝑁)).. Therefore 𝐻(𝜉|𝑁) = 𝐻(𝜉 ). ∎ 

 

Entropy of MV-dynamical systems 

By a dynamical system on a 𝜎-MV-algebra we understand a triple (𝑀, 𝑚, 𝑈), where 𝑚 ∶  𝑀 → [0;  1] is a state 

on M and 𝑈 ∶  𝑀  → 𝑀 is a mapping satisfying the following conditions: 

(𝑖)𝑈(𝑎 ⊕ 𝑏) = 𝑈(𝑎) ⊕ 𝑈(𝑏); 
(𝑖𝑖)𝑈(1) = 1; 

(𝑖𝑖𝑖)𝑚(𝑈(𝑎)) = 𝑚(𝑎), 𝑎 ∈ 𝑀. 

The entropy of the partition 𝜉 = {𝑎1, … . , 𝑎𝑛}    is given by 

𝐻(𝜉, 𝑚) = − ∑ 𝑚(𝑎𝑖)𝑙𝑜𝑔(𝑚(𝑎𝑖))𝑛
𝑖=1 ; 

and we now define the mean entropy of U on  𝜉 by 

𝐻(𝜉, 𝑚, 𝑈) = 𝑙𝑜𝑚𝑛→∞
1

𝑛
𝐻 (∇𝑖=1

𝑛−1𝑈𝑖(𝜉)). 

 

It is of course necessary to establish that the above limit exists. But by proposition 5 of [18] this is a consequence 

of subadditivity. Furthermore the mean entropy of the dynamical system 𝑈 is defined by 

ℎ(𝑈, 𝑀) = 𝑠𝑢𝑝𝜉𝐻(𝜉, 𝑚, 𝑈); 

where the supermom is over all finite partitions of 𝜎-MV-algebra M. 

Theorem 4.1. Suppose that 𝜉 be a finite partition of 𝜎-MV-algebra M. Then the mean entropy of U on 𝜉 of the 

MV-dynamical system (𝑀, 𝑚, 𝑈) is affine, i.e. 

𝐻(𝜉, 𝜆𝑚1 + (1 − 𝜆)𝑚2, 𝑈) = 𝜆𝐻(𝜉, 𝑚1, 𝑈) + (1 − 𝜆)𝐻(𝜉, 𝑚2, 𝑈) 

for each pair 𝑚1and 𝑚2of states on M and 𝜆𝜖 [0; 1]. 

Proof : If  𝑚1 and 𝑚2 are two states and 𝜆𝜖 [0, 1] then 

𝐻(𝜉, 𝜆𝑚1 + (1 − 𝜆)𝑚2) ≥ 𝜆𝐻(𝜉, 𝑚1) + (1 − 𝜆)𝐻(𝜉, 𝑚2).     (1) 

The 'concavity' inequality (1) is a direct consequence of the definition of 𝐻(𝜉, 𝑚) and the 'concavity' of the 

function x→ -xlog x. Conversely, one has inequalities 

− log(𝜆𝑚1(𝑎𝑖)) + (1 − 𝜆)𝑚2(𝑎𝑖) ≤ −log (1 − 𝜆) − 𝑙𝑜𝑔(𝑚2(𝑎𝑖)) 

and 

− log(𝜆𝑚1(𝑎𝑖)) + (1 − 𝜆)𝑚2(𝑎𝑖) ≤ −𝑙𝑜𝑔 𝜆 − 𝑙𝑜𝑔(𝑚2(𝑎𝑖)) 

Because x→- log x is decreasing. Therefore one obtains the 'convexity' bound 

𝐻(𝜉, 𝜆𝑚1 + (1 − 𝜆)𝑚2) ≤  𝜆𝐻(𝜉, 𝑚1) + (1 − 𝜆)𝐻(𝜉, 𝑚2) − 𝜆𝑙𝑜𝑔𝜆 − (1 − 𝜆)𝑙𝑜𝑔(1 − 𝜆).     (2) 

Now replacing 𝜉  by ∇𝑖=1
𝑛−1𝑈𝑖(𝜉) in (1), dividing by n and taking the 𝑙𝑖𝑚𝑛→∞, gives 

𝐻(𝜉, 𝜆𝑚1 + (1 − 𝜆)𝑚2) ≥ 𝜆𝐻(𝜉, 𝑚1) + (1 − 𝜆)𝐻(𝜉, 𝑚2). 

Similarly from (2), since 
−(𝜆 log 𝜆+(1−𝜆) log(1−𝜆)

𝑛
→ 0 𝑎𝑠 𝑛 → ∞, one deduces the converse inequality 

𝐻(𝜉, 𝜆𝑚1 + (1 − 𝜆)𝑚2, 𝑈) ≤ 𝜆𝐻(𝜉, 𝑚1, 𝑈) + (1 − 𝜆)𝐻(𝜉, 𝑚2, 𝑈). 
Hence one concludes the map m → H(𝜉, m, U) is affine. This is a somewhat surprising and is of great significance 

in the application of mean entropy. ∎ 

 

 

 

Subsystem 

The aim of this section is to state a condition that guarantees that the Kolomogorov-Sinai entropy on 𝜎-MV-

algebras is indeed reached by considering this restricted superemum. In order to reach this goal, we introduce 

subsystem of an MV-dynamical system and entropic distance between partitions and show that, for computing 

the dynamical entropy, it is sufficient to consider only partitions that can approximate the sharp ones arbitrary 

well. 

Definition 5.1. Let (𝑀, 𝑚, 𝑈) be an MV-dynamical system. A sub−𝜎-MV-algebra 𝑁 of 𝑀 is called invariant under  

𝑈, if we have 𝑈−1(𝑎) ∈  𝑁 whenever  𝑎 ∈ 𝑁. 

Definition 5.2. Suppose that (M, m, U) is an MV-dynamical system and N is a sub-𝜎-MV-algebra of M which is 

invariant under U, then (N,  m, U) is called a subsystem of MV-dynamical system (M, m, U). 

Definition 5.3. Let 𝜉 and 𝜂  be two partitions of M. The entropic distance 𝜌𝐻(𝜉, 𝜂)of 𝜉 with 

respect to 𝜂 is 
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𝜌𝐻(𝜉, 𝜂) =  𝐻(𝜉∇𝜂, 𝑚) − 𝐻(𝜂, 𝑚) 

Lemma 5.4. Let 𝜉, 𝜂 and ς  be finite partitions of M. Then the entropic distance satisfies the 

following properties: 
(𝑖)𝜌𝐻(𝜉, 𝜂) ≥ 0; 

(𝑖𝑖)𝜌𝐻(𝜉∇𝜂, ς ) ≤ 𝜌𝐻( 𝜉, ς ) + 𝜌𝐻( 𝜂, ς ); 
(𝑖𝑖𝑖) 𝜌𝐻(𝜉, 𝜂 ∇ς ) ≤ 𝜌𝐻(𝜉, 𝜂 ). 

Proof : Statement (i) is actually the same as statement (iii) of Remark 3-6. In order to prove 

of (ii) we use the parts (ii) and (iv) of Remark 3.4  

𝜌𝐻(𝜉∇𝜂 , ς) = 𝐻(𝜉∇  𝜂∇ς, 𝑚) − 𝐻(ς, 𝑚) 

≤ 𝐻(𝜉∇ς, 𝑚) − 𝐻(𝜂∇ς, 𝑚) − 2𝐻(ς, 𝑚) 

= 𝜌𝐻(𝜉, ς ) + 𝜌𝐻(𝜂, ς ). 
 (iii). 

𝜌𝐻(𝜉, 𝜂 ∇ς ) = 𝐻(𝜉∇𝜂𝛻𝜍, 𝑚) − 𝐻(𝜂∇ς, 𝑚) 

= 𝜌𝐻(𝜉∇ς, 𝜂) + 𝐻(𝜂, 𝑚) − 𝜌𝐻(ς, 𝜂) − 𝐻(𝜂, 𝑚) 

≤ 𝜌𝐻(𝜉, 𝜂) + 𝜌𝐻(ς, 𝜂) − 𝜌𝐻(ς, 𝜂) = 𝜌𝐻(𝜉, 𝜂). ∎ 

Definition 5.5. A sub-𝜎-MV-algebra N of M is said to be H-dense in M if for any finite partition 𝜉 = {𝑎1, … . , 𝑎𝑛} 

of M and for any ϵ > 0 there exists a partition  𝜂 = {𝑐1, … . , 𝑐𝑝} of N such that 

𝜌𝐻(𝜉, 𝜂) ≤ 𝜖. 

Theorem 5.6. Let (M, m, U) be an MV-dynamical system. If a sub-𝜎-algebra N of M is invariant under U and H-

dense, then 

ℎ(𝑈, 𝑀)  =  ℎ(𝑈, 𝑁). 
Proof : Obviously, h(U, N) ≤ h(U, M). 

As N is H-dense, we can find for each partition 𝜉 of 𝑀 and each ϵ > 0 a partition 𝜂  in N such that 

𝜌𝐻(𝜉, 𝜂) ≤ 𝜖; 

we first use the property (iii) of Remark 3.4, which states that refining a partition increase the 

entropy 

(3)  

𝐻(𝑈𝑛−1(𝜉)∇ … ∇𝑈(𝜉)∇𝜉, 𝑚) ≤ 𝐻(𝑈𝑛−1(𝜂)∇ … ∇𝑈(𝜂)∇𝜂∇𝑈𝑛−1(𝜉)∇ … ∇𝑈(𝜉)∇𝜉, 𝑚) 

Next, by using of the definition of entropic distance we write 

(4)     𝐻(𝑈𝑛−1(𝜂)∇ … ∇𝑈(𝜂)∇𝜂∇𝑈𝑛−1(𝜉)∇ … ∇𝑈(𝜉)∇𝜉, 𝑚) =
𝜌𝐻(𝑈𝑛−1(𝜉)∇ … ∇𝑈(𝜉)∇𝜉, 𝑈𝑛−1(𝜂)∇ … ∇𝑈(𝜂)∇𝜂)    + 𝐻(𝑈𝑛−1)(𝜂)∇ … ∇𝑈(𝜂)∇𝜂, 𝑚) 

Suppose that we have obtained the upper bound 

(5)  

𝜌𝐻(𝑈𝑛−1(𝜉)∇ … ∇𝑈(𝜉)∇𝜉, 𝑈𝑛−1(𝜂)∇ … ∇𝑈(𝜂)∇𝜂) ≤ 𝑛𝜌𝐻(𝜉, 𝜂) 

for the first term in the sum in (4). Combining (3), (5) and dividing by n, we get 
1

𝑛
𝐻(𝑈𝑛−1(𝜉)∇ … ∇𝑈(𝜉)∇𝜉, 𝑚) ≤

1

𝑛
𝐻((𝑈𝑛−1)(𝜂)∇ … ∇𝑈(𝜂)∇𝜂, 𝑚) + 𝜌𝐻(𝜉, 𝜂) 

Let n tend to infinity and using H-density, the theorem follows. It remains to prove (5) 

𝜌𝐻(𝑈𝑛−1(𝜉)∇ … ∇𝑈(𝜉)∇𝜉, 𝑈𝑛−1(𝜂)∇ … ∇𝑈(𝜂)∇𝜂) ≤ ∑ 𝜌𝐻(𝑈𝑗(𝜉), 𝑈𝑛−1(𝜂)∇ … ∇𝑈(𝜂)∇𝜂)

𝑛−1

𝑗=𝑜

 

≤ ∑ 𝜌𝐻

𝑛−1

𝑗=0

(𝑈𝑗(𝜉), 𝑈𝑗(𝜂)) = 𝑛𝜌𝐻(𝜉, 𝜂). ∎ 

The inequalities are an application of Remark 3.4.  

 

Conclusions 

We have defined the conditional entropy of a finite partition 𝜉 given N by use of conditional expectation on 

𝜎-MV-algebras when N is an arbitrary sub- 𝜎 -MV-algebra of the 𝜎 −MV-algebra  M. We also introduced the 

concept of a subsystem of an MV-dynamical system and we investigated the relation between their entropies. 

Methods developed in the present paper seem to be applicable also for other results on fuzzy ergodic theory of 

dynamical systems. The situation in MV-algebraic ergodic theory is however much more complicated as the 

operation ⊕ is not idempotent. 
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