J. Appl. Environ. Biol. Sci., 5(88)589-593, 2015 ISSN: 2090-4274

Journal of Applied Environmental
© 2015, TextRoad Publication and Biological Sciences

www.textroad.com

The Kanwal and Liu method for the solution of non linear
volterra integral equations

Mohammad Amin Azmoodeh! and Asem Mahmooodi? and Rasool Kabiri?

! University of Sistan and Baluchestan, Department mathematics, Zahedan, Iran, aminda928@gmail.com
2 University of Sistan and Baluchestan, Department mathematics, Zahedan, Iran
3 Young Researchers and Elite Club, Aliabad Katoul Branch, Islamic Azad University, Aliabad Katoul, Iran

Received: March 8, 2015
Accepted: May 10, 2015

ABSTRACT

In this study, Kanwal and Liu method for the solution of Fredholm integral equation is used to solve nonlinear Volterra
integral equations apply examples that illustrate the pertinent features of the method are presented. A considerable
advantage of the method is that the solution is expressed as a truncated Taylor series. Furthermore, after calculation of
the series coefficients, the solution y(x) can be easily evaluated for arbitrary values of x at low computation effort. To get
the best approximating solution of the equation, we take more from the Taylor expansion of function; that is, the
truncation limit N must be chosen large enough. As a result, the computational complexity is reduced. An interesting
feature of the method is that we get analytical solution in many cases.
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1. INTRODUCTION

In this study, Kanwal and Liu method is applied for the solution of Fredholm integral equation
I (D
arleY = £ L 1 Lra Y Taaf 312
VWX =FAE T A RE LIV
where p is positive integer, k{x, £}, f(x) are
functions having nth derivatives and l,a are constants. Kanwal and Liu method, algebraic technique to solve the integral
equations.
This method, first by Kanwal and Liu was used for solving linear Fredholm integral equation [1]. The technique is
based on, first, differentiating both sides of the integral equation n times and then substituting the Taylor series for the
unknown function in the resulting equation and later, transforming to a matrix equation [3].

Numerical Solution of Integral Equation by Kanwal and Liu METHOD is expressed in the form

o1
¥ =Y =y @G-
n=0 )
which is a Taylor polynomial of degree N at X =C, where ) (")(c),n = O,l,...,N ,are coefficients of be
determined.

2. Method of solution
To obtain the solution of equation (1) in the form of expression (2) we first differentiate it n times with respect to x:

¥ = F0() + 1 [ k) TP,

d

At the end of first page you should mention:
Substituting the expression Y’ (t ) = [y (Z )]p in Eq. (4), we obtain:
4" “

},'In} (.‘J:J — f(n} [x) +41
dx™

J-xk (x,t) Y(t)dt.

Forn=10
YO = FO0x) 42 [ k(xd ¥(O:

By applying successively n times the Leibnitz’s rule (dealing with differentiation of integrals) to the integral(4), we have,
forn =1
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I, dx” o where

hixi= t=x
From the Leibnitz’s rule (dealing with differentiation of products of functions), we evaluate[h;[x) Y(x]]"”_‘_j and
substitute it in Eq(5). Thus we have:
n—1n-m-1 -1
Y@=+ Y Y (T e ey
x m;)k[x_t]
+a| = v(de (7)
_L dxm @)
Note that in Eq (7) [2].
n—1n—-m-—1 n—1n—i—1
S =Y Y e
m=o <o i=o m=n
Substituting the Taylor expansion ¥ [t} atx = ¢, i.e.
N
1
Yit)= ? — vy ()t —c)™
H=) @0
=0
in the Eq (7). The result is
n—1n-m-1 1
—i— : . .
¥ (e) = £ () + "'Z Z ("7 T R v
°a ?ﬂk x,t
+,1f # Lz Y”‘}[c}(t—c]m]dt
or briefly
ra—1
In:l( j Jlr-l;u;j( j+41 Z(H?«;m—l— qumj}rlm:l (Cj'i' Z }rlf_m:l(cj{
Lm=o (®)
where for 1t = ¢
n—-1
D Han + T ) Y (9 = ¢
=a
forn =1,2,...;m =0,1,...,n —1(n >m)
n-m-—1 . ©)
m—1—1y
= ) (T T,
= m fon<m,H =0.
1 [°3"k(x,t)
=— — ([t —c)"dt
mm m'J. dx™ ( j (10)
The quantities y (m) (c)(m =0,1,2,=-,N) in Eq. (10) can be found from the permutation relation
YO (0) = B veysregmm (oo, ) Y (2 (7% (0), (an

The system (8) can be put in a matrix form as
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A Top A To A T o ATy
A (Hyp + Tyg) ATy AqTy5 o ATy
- -‘_]'-1[H:|3 + T:aj -‘_]'~1sz1 + Tﬂij -‘_J'-iT:: “_]"1!{::'.-'
ll(H:m + T:'-mj }'-1(H,-;1 + T:-u:' }'-1(5,-;2 + T.-u':j = ATy
ylo (Cj J]r-il::'} (c) (12)

Yi(e) | |fY ()
IY@ @ = @@ |

Y'ia'v'l} (c) f'ia'v'i' ()

which is a  algebraic system of N + 1  nonlinear equation  for N + 1  unknowns
y © (C),y o (C ), R, ) (C ).These can be solved numerically by standard methods. From this nonlinear system,

the unknown Taylor coefficients ) ) (C )(}’l =0,1,...,.N ) are determined and substituted in (2).

3. Numerical Examples
Example 1.
Let us first consider the nonlinear Volterra integral equation

y@) = =32t 4+ [ (-0 y@Far

and approximate the solution v(x) by the Taylor polynomial
2, ]
(n) n
yx)=2—y" (O
n=0"1 'y
a=0c=o0d=1.N =5,

1 5
fix) =—Ex6+x‘,k(x,t] =x—t.

First, we find the coefficients H,,,,, from (6) and (9), the coefficients T, from (12).thus

H,=»¢

H,, =1 Hy; =

Hy=e° Hy=1 Hy =

H,=9e¢ Hy=r¢ Hyp =1 Hyp=-¢c

H,=9¢ Hg=r¢ Hg=ro Hi; =1 Hyy = o
Since & =C, o N,M 20,1,2,3,4,5.

T..=0

then we get the derivation values of the function f(x] at X = oas

[P() =0, /D) = o f P () = 2,/P () = 0,79 — 0,/ F) —o.

Then, for N =5, the matrix equation (12)

3] YO@l
[ o o o o o o 17
}1} (=) o o o o o Y'l_ (=) :
Y@@ 10 o o o ofr@@|_|;
¢ ] 1 ©o o o o () = .
¥ :3} (o) 6 o 1 © o o 4 3 (o) : From the obtained equation system (13) and relation (11),
¥ (4 (.;,j c o o 1 o o yie (gj o the coefficients
[y ® (o) Ly & (). y"(0) (n=0,1,...,5)
are found as

() =0, y0) = 0,3@ @) = 2,3 (0) = 5, 3y@ (0) = 5,3 () = »

Substituting these coefficients in (2) we have the solution )’ (x ) =X = which is an exact solution.
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Example 2. consider the nonlinear Volterra integral equation

1 1 x (14)
y(z)=e* ——e®*+ -+ f [vit)]?dt
3 3 which has the exact solution y(x) = e*.
So that
a=o,=o0=1.

. 1 1
fix) =& —Eeax +E,K(X,tj =1

we find solution of integral equation (14) for N = 5,6,8,9.
Since d = C, Then equation (8) becomes as follows:

R OES I O)

(15)
Now, we find the coefficients H,,,, from (6) and (9) for N = 5, so
H, =1
H,, == Hyy =1
Hy,=9° Hz=r¢ Hy; =1
H,=9° Hy=e° _ Hp=-e Hy=1

. . . . H , =0 H.,.= o H..—=o
y® () = £ (o) +lz H,. ym (), n=12,.,N. als50 51 52
m=uo

F0) = 1,70 () = o, fP(s) = =2, () = —8, 9 (c) = —26,#  (c) = —8o.
We obtained the coefficients by Equation (15) as follows:

¥ (=) = (o).

The result is

¥ (e) =1

In _addition, The coefficient obtained by applying (11),(15) AS:
y ()= fFP(e) + H, Y™ (o).

T h_e result is

YD) = 1.

Similarly, For n=2,3,4,5 :

yD(e) = () + Hp¥© () + Hay V()

y@()=-2+-+3=1.

Y = £ + 1y, ¥ () + gy YV (o) + 1Y P (),
yF(e)=—8+o+o+9=1

v () = FRE) 4+ H YO () + Hay Y O() + HoV P (o) + HgV 9 (0),

':4}(°j:_26_c+c+0+2?=1.

() = FO() + Ho¥ O (o) + Hiy YO () + Ho Y2 (o) 4 HaY () + Haa Y9 ()
FI'E}(DJ = —Hotototot ot Hl=1
S

ubstituting these coefficients in (18) we have the solution
2 e

) x
vix)=1+x +;+?+I+H.

which is the Taylor expansions of € .
Similarly, We obtained the coefficients for N=5,8,9 . thus

(@) = 1,yPE) = 1y = 1y (@) = 1,yP ) =1,y9E) = 1

an_d

},-.c-} (Dj = I—uc.} (Gj + HSIY-@} (c] +H v Li}(cj + HE_QY"E} (cj + H53Y~53' (a] + H54Y'~4} (Dj
4oV (0)

The result is

},I.G}(,:,j = —2424+c+3+oc+ot+ o+ 243 =1,

then
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allso

}’I:B} (e) = fI:B} () + H9=Yl:u} (e) + Hgy 1/(1}['3] + Hg, y@ (o) + Hgg Y3 (o) + Hg, Y@ (e)

-
=
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¥ x®

xB

TR

‘|'H=35Y|:5:I (o) + HSE.YI:E}("j + HB?YI:?} (o).

where

y& ()= —21864+ o +otototototct 2187 =1
then

. x? x x? x® x® X7 xB
}lexj=1+x+a+§+z+a+a+a+g.

Eventually

}’I:E} () = f':‘?} (=) + f‘f’:}.yl:"} (=) + f{gi}_rl:ﬂ (o) + sz Y@ (c) + H,g y® (o) + HMYI:{:I (c)
+HoY (o) + Hoo Y9 (o) + Hoy V7 (o) + Hye Y 22),

The result is

},'19}(@:_555(,4_ o+ototoetototetotnbol=1

then

yix)=14+x +Z_'+

34 L5

A w7 R

X X - X
T s T T e T

G

Compare the solutions obtained with the exact solution is given in Table 1.

Table 1. result of example 1

E Approximation Approximation Approximation Approximation
xact
¥ x, y(x = ¥ for for for for
N =5 N =6 N=38 N=9
° o 1 1 1 1 1
1 0.2 1.22140 1.22140 1.22140 1.22140 1.22140
2 0.4 1.49182 1.49181 1.49182 1.49182 1.49182
3 0.6 1.82211 1.82204 1.82211 1.82211 1.82211
4 0.8 2.22554 222513 2.22549 2022554 2.22554
5 1 2.71828 2.71666 2.70805 2.71827 2.71828

As you can see, with increasing N solution of integral equation is more accurate.

Conclusions

Nonlinear integral equations are usually difficult to solve analytically. In many cases, it is required to obtain the
approximate solutions. For this purpose, the presented method can be proposed. In the examples we saw, Kanwal and Liu
method is efficient for solving nonlinear integral equations. A considerable advantage of the method is that the solution is
expressed as a truncated Taylor series. Furthermore, after calculation of the series coefficients, the solution y(x) can be
easily evaluated for arbitrary values of x at low computation effort.

To get the best approximating solution of the equation, we take more from the Taylor expansion of function; that is,
the truncation limit N must be chosen large enough. For computational efficiency, some estimate for N, the degree of the

approximating polynomial (the truncation limit of Taylor series) to ) (x ) , should be available. Because the choice of N
determines the precision of the solution ) (x ) if N is chosen too large, unnecessary labour may be done; but if N is

taken a small value, the solution will not be sufficiently accurate. Therefore N must be chosen sufficiently large to get
a reasonable approximation.

If @ = ¢, then T,,,, = ¢(n,m=0,1,2,...,N). As a result, the computational complexity is reduced. An interesting
feature of the method is that we get analytical solution in many cases, as demonstrated in Example (1).
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